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Abstract. It was pointed out by Y. Eliashberg in his ICM 2006 plenary talk 
that the rich algebraic formalism of symplectic field theory leads to a natural 
appearance of quantum and classical integrable systems, at least in the case 
when the contact manifold is the prcquantization space of a symplectic mani- 
fold. In this paper we generalize the definition of gravitational descendants in 
SFT from circle bundles in the Morse-Bott case to general contact manifolds. 
After we have shown using the ideas in [OP] that for the basic examples of 
holomorphic curves in SFT, that is, branched covers of cylinders over closed 
Reeb orbits, the gravitational descendants have a geometric interpretation in 
terms of branching conditions, we follow the ideas in [CL] to compute the corre- 
sponding sequence of Poisson-commuting functions when the contact manifold 
is the unit cotangent bundle of a Riemannian manifold. 
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Summary 

Symplectic field theory (SFT), introduced by H. Hofcr, A. Givental and Y. 
Eliashberg in 2000 ([EGH]), is a very large project and can be viewed as a 
topological quantum field theory approach to Gromov-Witten theory. Besides 
providing a unified view on established pseudoholomorphic curve theories like 
symplectic Floer homology, contact homology and Gromov-Witten theory, it leads 
to numerous new applications and opens new routes yet to be explored. 

While symplectic field theory leads to algebraic invariants with very rich 
algebraic structures, which are currently studied by a large group of researchers, 
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for all the geometric applications found so far it was sufficient to work with 
simpler invariants like cylindrical contact homology. Although cylindrical contact 
homology is not always defined, it is much easier to compute, not only since it 
involves just moduli spaces of holomorphic cylinders but also due to the simpler 
algebraic formalism. While the rich algebraic formalism of the higher invariants 
of symplectic field theory seems to be too complicated for concrete geometric 
applications, it was pointed out by Eliashberg in his ICM 2006 plenary talk ([E]) 
that the integrable systems of rational Gromov-Witten theory very naturally 
appear in rational symplectic field theory by using the link between the rational 
symplectic field theory of circle bundles in the Morse-Bott version and the rational 
Gromov-Witten potential of the underlying symplectic manifold. Indeed, after 
introducing gravitational descendants as in Gromov-Witten theory, it is precisely 
the rich algebraic formalism of SFT with its Weyl and Poisson structures that 
provides a natural link between symplectic field theory and (quantum) integrable 
systems. In particular, in the case where the contact manifold is a circle bundle 
over a closed symplectic manifold, the rich algebraic formalism of symplectic field 
theory seems to provide the right framework to understand the deep relation be- 
tween Gromov-Witten theory and integrable systems, at least in the genus zero case. 

While in the Morse-Bott case in [E] it follows from the corresponding statements 
for the Gromov-Witten descendant potential that the sequences of commuting 
operators and Poisson-commuting functions arc independent of auxiliary choices 
like almost complex structure and abstract perturbations, for the case of general 
contact manifolds it is well-known that the SFT Hamiltonian however in general 
explicitly depend on choices like contact form, cylindrical almost complex structure 
and coherent abstract perturbations and hence is not an invariant for the contact 
manifold itself. But before we can come down to the question of invariance, we 
first need to give a rigorous definition of gravitational descendants in the context 
of symplectic field theory. 

While in Gromov-Witten theory the gravitational descendants were defined by 
integrating powers of the first Chern class of the tautological line bundle over the 
moduli space, which by Poincare duality corresponds to counting common zeroes of 
sections in this bundle, in symplectic field theory, more generally every holomorphic 
curves theory where curves with punctures and/or boundary are considered, we are 
faced with the problem that the moduli spaces generically have codimension-onc 
boundary, so that the count of zeroes of sections in general depends on the chosen 
sections in the boundary. It follows that the integration of the first Chern class 
of the tautological line bundle over a single moduli space has to be replaced by 
a construction involving all moduli space at once. Note that this is similar to 
the choice of coherent abstract perturbations for the moduli spaces in symplectic 
field theory in order to achieve transversality for the Cauchy-Riemann operator. 
Keeping the interpretation of descendants as common zero sets of sections in 
powers of the tautological line bundles (which will turn out to be particularly 
useful when one studies the topological meaning of descendants by localizing on 
special divisors, see [FR]), we define in this paper the notion of coherent collections 
of sections in the tautological line bundles over all moduli spaces, which just 
formalizes how the sections chosen for the lower-dimensional moduli spaces should 
affect the section chosen for a moduli spaces on its boundary. To be more precise, 
since the sections should be invariant under obvious symmetries like reordering of 
the punctures and the marked points, we actually need to work with multi-sections 
in order to meet both the symmetry and the transversality assumption. We will 
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then define descendants of moduli spaces M. 3 C M, which we obtain inductively 
as zero sets of these coherent collections of sections (sj) in the tautological line 

bundles over the descendant moduli spaces M 3 C M, and define descendant 
Hamiltonians ~H.]j by integrating chosen closed differential forms Oi over M . For 
these we prove the following theorem. 

Theorem: Counting holomorphic curves with one marked point after inte- 
grating differential forms and introducing gravitational descendants defines a 
sequence of distinguished elements 

Hjj G H t: (h~ 1 2U°, D°) 

in the full SFT homology algebra with differential D a = [H°, •] : hr 1 2U — > 7i _1 2H°, 
which commute with respect to the commutator bracket on H* (ft -1 2B ,D°), 

[H^.,Hy = 0, (i,j),(k,£) e {1,...,N} x N. 

In contrast to the Morse-Bott case considered in [E] it follows that, when the 
differential in symplectic field theory counting holomorphic curves without addi- 
tional marked points is no longer zero, the sequences of generating functions no 
longer commute with respect to the bracket, but only commute after passing to 
homology. On the other hand, in the same way as the rational symplectic field 
theory of a contact manifold is defined by counting only curves with genus zero, 
we immediately obtain a rational version of the above statement by expanding H° 
and the H]j in powers of the formal variable h for the genus. 

Corollary: Counting rational holomorphic curves with one marked point af- 
ter integrating differential forms and introducing gravitational descendants defines 
a sequence of distinguished elements 

hl 3 EH4¥°,d°), 

in the rational SFT homology algebra with differential d° = {h ,-} : *p° — > Cp°, 
which commute with respect to the Poisson bracket on (ty , d° ) , 

{h^,h^} = 0, (i,j),(k,e)G{l,...,N}xN. 

As we already outlined above, in contrast to the circle bundle case we have to 
expect that the sequence of descendant Hamiltonians depends on the auxiliary 
choices like contact form, cylindrical almost complex structure and coherent 
abstract polyfold perturbations. Here we prove the following natural invariance 
statements. 

Theorem: For different choices of contact form A , cylindrical almost com- 
plex structure jf 1 , abstract polyfold perturbations and sequences of coherent 
collections of sections (s^) the resulting systems of commuting operators H*'r 
on H^h' 1 2B '- , D°<~) and H|;+ on H^H- 1 2U°' + , D°'+) are isomorphic, 
i.e., there exists an isomorphism of the Weyl algebras 22J°'~, D°'~) 

and iJ a ,(/l- 1 2B ' + , J D '+) which maps H\'7 e H^h' 1 2U '", D°'~) to 

hJ;+ eH.(h- 1 wf > < + ,rP>+). 

Note that this theorem is an extension of the theorem in [EGH] stating 
that for different choices of auxiliary data the Weyl algebras H t ,(H~ 1 2IT '~, D Q ~) 
and H^hT 1 2U°' + , are isomorphic. As above we clearly also get a rational 
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version of the invariance statement: 

Corollary: For different choices of contact form , cylindrical almost complex 
structure jf 1 , abstract poly fold perturbations and sequences of coherent collections 
of sections (sf) the resulting system of Poisson- commuting functions h^f on 
i^CP ' - , e?° : ~) and iifj^ on _ff*(*p 0,+ , d 0,+ ) are isomorphic, i.e., there exists an 
isomorphism of the Poisson algebras H*^ '^ , d°'~) and H r (^°' + , d°' + ) which 
maps h]'J e H^°'-,d^-) to h]'+ E H^°' + ,d°'+). 

As concrete example beyond the case of circle bundles discussed in [E] we 
consider the symplectic field theory of a closed geodesic. For this recall that in 
[F2] the author introduces the symplectic field theory of a closed Reeb orbit 7, 
which is defined by counting only those holomorphic curves which are branched 
covers of the orbit cylinder M X7 in M x V. In [F2] we prove that these orbit curves 
do not contribute to the algebraic invariants of symplectic field theory as long as 
they do not carry additional marked points. Our proof explicitly uses that the 
subset of orbit curves over a fixed orbit is closed under taking boundaries and 
gluing, which follows from the fact that they are also trivial in the sense that 
they have trivial contact area and that this contact area is preserved under taking 
boundaries and gluing. It follows that every algebraic invariant of symplectic field 
theory has a natural analog defined by counting only orbit curves. In particular, 
in the same way as we define sequences of descendant Hamiltonians H} j and 
hj 1 ■ by counting general curves in the symplectization of a contact manifold, 
we can define sequences of descendant Hamiltonians H f • and h f • by just 
counting branched covers of the orbit cylinder over 7 with signs (and weights), 
where the preservation of the contact area under splitting and gluing of curves 
proves that for every theorem from above we have a version for 7. We further 
prove that for branched covers of orbit cylinders over any closed Reeb orbit 
the gravitational descendants indeed have a geometric interpretation in terms 
of branching conditions, which generalizes the work of [OP] used in [E] for the circle. 

Since all the considered holomorphic curves factor through the embedding of 
the closed Reeb orbit into the contact manifold, it follows that it only makes sense 
to consider differential forms of degree zero or one. While it follows from the 
result h" = in [F2] that the sequences ^ j indeed commute with respect to 
the Poisson bracket (before passing to homology), the same proof as in [F2] shows 
that every descendant Hamiltonian in the sequence vanishes if the differential form 
is of degree zero. For differential forms of degree one the strategy of the proof 
however no longer applies and it is indeed shown in [E] that for 7 = V = S 1 
and 9 = dt we get nontrivial contributions from branched covers. In this paper 
we want to determine the corresponding Poisson-commuting sequence in the 
special case where the contact manifold is the unit cotangent bundle S*Q of a 
(m-dimensional) Riemannian manifold Q, so that every closed Reeb orbit 7 on 
V = S*Q corresponds to a closed geodesic 7 on Q. For this we denote by 2U5J be 
the graded Weyl subalgebra of the Weyl algebra 2B°, which is generated only by 
those p- and q- variables p n — p 7 «, q n — q^ corresponding to Reeb orbits which 
are multiple covers of the fixed orbit 7 and which are good in the sense of [BMf. 
In the same way we further introduce the Poisson subalgebra Cp° of *}3 . Setting 
<7_„ = p n we prove the following 

Theorem: Assume that the contact manifold is the unit cotangent bundle 
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V = S*Q of a Riemannian manifold Q, so that the closed Reeb orbit 7 corresponds 
to a closed geodesic 7 on Q, and that the string of differential forms just consists 
of a single one-form which integrates to one around the orbit. Then the resulting 
system of Poisson- commuting functions h •, j 6 N on is isomorphic to the 
system of Poisson- commuting functions g,\j, j £ N on *}3° = *}3° 7 where for every 
j E N the descendant Hamiltonian gi • is given by 

1 Vefrf) Qni ' - ' g " J+2 

- 2^ e w (i + 2)! 

where the sum runs over all ordered monomials q ni ■...■q nj+2 with ni + ... + rij+2 = 
and which are of degree 2(m + j — 3). Further e(n) e { — 1, 0, +1} is /ixerf by a 
choice of coherent orientations in symplectic field theory and is zero if and only if 
one of the orbits 7™ 1 , .--i 7™ i+2 is bad. 

Note that in the case of the circle 7 = Q = S 1 the degree condition is automat- 
ically fulfilled and we just get back the sequence of descendant Hamiltonians for 
the circle in [E] , which agrees with the sequence of Poisson-commuting integrals of 
the dispcrsionless KdV integrable hierarchy. Forgetting about the appearing sign 
issues, it follows that the sequence j is obtained from the sequence for the circle 
by removing all summands with the wrong, that is, not maximal degree, so that 
the system is completely determined by the KdV hierarchy and the Morse indices 
of the closed geodesic and its iterates. 

Remark: Note that the signs in the formula for gij are determined by the 
linearized Reeb flow around 7 and a choice of orientations for all multiples of 7. 
For this recall from [BM] that in order to orient moduli spaces in symplectic field 
theory one additionally needs to choose orientations for all occuring Reeb orbits, 
while the resulting invariants are independent of these auxiliary choices. While 
the precise formula for the functions g* j depends on these choices, the resulting 
systems of Poisson-commuting functions for different choices are indeed isomorphic, 
since changing the orientations for some orbits 7 fc leads to an automorphism of the 
underlying Poisson algebra. Apart from the fact that the commutativity condition 
{s^jtSI/ k\ — clearly leads to relations between the different e(n), observe that a 
choice of orientation for 7 does not lead to a canonical choice of orientations for its 
multiples j k . While we expect that it is in general very hard to write down a set 
of signs e(n) explicitly, for all the geometric applications we have in mind and the 
educational purposes as a test model beyond the Gromov-Witten case we are rather 
interested in proving vanishing results as the one below than giving precise formulas. 

While in the case of the circle we obtain a complete set of integrals, it is im- 
portant that our theorem allows us to prove the following vanishing result, which 
simply follows from the fact that for hyperbolic Reeb orbits the Conley-Zehnder 
index is multiplicative. 

Corollary: Assume that the closed geodesic 7 represents a hyperbolic Reeb 
orbit in the unit cotangent bundle of a surface Q. Then gi^ = and hence 
h^j = for allj > 0. 

Note that this result is actually true for dimQ > 1. While for dimQ > 2 the 
result directly follows from index reasons, in the case when dimQ = 2 a simple 
computation shows that all moduli spaces with 2 j + 1 punctures possibly contribute 
to the descendant Hamiltonian h* j. Since in this case the Fredholm index is 
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2j — 1 and hence for j > strictly smaller than the dimension of the underlying 
nonregular moduli space of branched covers, which is Aj — 2, transversality cannot 
be satisfied but the cokernels of the linearized operators fit together to give an 
obstruction bundle of rank 2j — 1. 

Apart from using the geometric interpretation of gravitational descendants for 
branched covers of orbit cylinders over a closed Reeb orbit in terms of branching 
conditions mentioned above, the second main ingredient for the proof is the idea in 
[CL] to compute the symplectic field theory of V = S*Q from the string topology 
of the underlying Riemannian manifold Q by studying holomorphic curves in the 
cotangent bundle T*Q. More precisely, we compute the symplectic field theory 
of a closed Reeb orbit 7 in S*Q including differential forms and gravitational 
descendants by studying branched covers of the trivial half-cylinder connecting the 
closed Reeb orbit in the unit cotangent bundle with the underlying closed geodesic 
in the cotangent bundle T*Q with special branching data, where the latter uses the 
geometric interpretation of gravitational descendants. In order to give a complete 
proof we also prove the neccessary transversality theorems using finite-dimensional 
obstruction bundles over the underlying nonregular moduli spaces. While on the 
SFT side one has very complicated obstruction bundles over nonregular moduli 
spaces of arbitary large dimension, on the string side all relevant nonregular moduli 
spaces already turn out to be discrete, so that the obstruction bundles disappear 
if the Fredholm index is right. It follows that the system of Poisson-commuting 
function for a closed geodesic is completely determined by the KdV hierarchy and 
the Morse indices of the closed geodesic and its iterates. 

This paper is organized as follows. 

Section one is concerned with the definition and the basic results about 
gravitational descendants in symplectic field theory. After we recalled the basic 
definitions of symplectic field theory in subsection 1.1, we define gravitational 
descendants in subsection 1.2 using the coherent collections of sections and prove 
that the resulting sequences of descendant Hamiltonians commute after passing to 
homology. In subsection 1.3 we prove the desired invariance statement and discuss 
the important case of circle bundles in the Morse-Bott setup outlined in [E] in 1.4. 

After we treated the general case in section one, section two is concerned with 
a concrete example beyond the case of circle bundles, the symplectic field theory 
of a closed geodesic, which naturally generalizes the case of the circle in [E]. After 
we have recalled the definition of symplectic field theory for a closed Reeb orbit 
including the results from [F2] in subsection 2.1, we show in subsection 2.2 that for 
branched covers of orbit cylinders the gravitational descendants have a geometric 
interpretation in terms of branching conditions. After outlining that there exists 
a version of the isomorphism in [CL] involving the symplectic field theory of a 
closed Reeb orbit in the unit cotangent bundle, we study the moduli space of 
branched covers of the corresponding trivial half-cylinder in the cotangent bundle 
in subsection 2.3. Since we meet the same transversality problems as in [F2], we 
study the neccessary obstruction bundle setup including Banach manifolds and 
Banach space bundles in subsection 2.3. In subsection 2.4 we finally prove the 
above theorem by studying branched covers of the trivial half-cylinder with special 
branching behavior. 

Acknowledgements: This research was supported by the German Research 
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1. Symplectic field theory with gravitational descendants 

1.1. Symplectic field theory. Symplectic field theory (SFT) is a very large 
project, initiated by Eliashberg, Givental and Hofcr in their paper [EGH], designed 
to describe in a unified way the theory of pseudoholomorphic curves in symplectic 
and contact topology. Besides providing a unified view on well-known theories like 
symplectic Floer homology and Gromov-Witten theory, it shows how to assign 
algebraic invariants to closed contact manifolds (V, £ = {A = 0}): 

Recall that a contact one-form A defines a vector field R on V by R £ ker dX and 
X(R) = 1, which is called the Reeb vector field. We assume that the contact form is 
Morse in the sense that all closed orbits of the Reeb vector field are nondegencrate 
in the sense of [BEHWZ]; in particular, the set of closed Reeb orbits is discrete. 
The invariants are defined by counting J-holomorphic curves in 1x7 which are 
asymptotically cylindrical over chosen collections of Reeb orbits = {7^, 7^± } 
as the M-factor tends to ±00, see [BEHWZ]. The almost complex structure J on 
the cylindrical manifold M x V is required to be cylindrical in the sense that it is 
K-indcpcndcnt, links the two natural vector fields on K xV, namely the Reeb vector 
field R and the M-direction d s , by J_d s = R, and turns the distribution £ on V into 
a complex subbundle of TV, £ = TVHJTV. We denote by M 9! r(T + , T~) the cor- 
responding compactificd moduli space of genus g curves with r additional marked 
points ([BEHWZ], [EGH]). Possibly after choosing abstract perturbations using 
polyfolds (see [HWZ]), obstruction bundles ([F2]) or domain-dependent structures 
([Fl]) following the ideas in [CM] we get that Ai g . r (T + , T~) is a branched-labelled 
orbifold with boundaries and corners of dimension equal to the Fredholm index of 
the Cauchy-Riemann operator for J. Note that in the same way as we will not 
discuss transversality for the general case but just refer to the upcoming papers on 
polyfolds by Hofer and his co-workers, in what follows we will for simplicity assume 
that every moduli space is indeed a manifold with boundaries and corners, since we 
expect that all the upcoming constructions can be generalized in an appropriate way. 

Let us now briefly introduce the algebraic formalism of SFT as described in 
[EGH]: 

Recall that a multiply-covered Reeb orbit j k is called bad if CZ(-f k ) ^ CZ(7) 
mod 2, where CZ(7) denotes the Conlcy-Zchndcr index of 7. Calling a Reeb orbit 
7 good if it is not bad we assign to every good Reeb orbit 7 two formal graded 
variables p 1 , q 1 with grading 

\Pj\ = m - 3 - CZ( 7 ), \q y \ = to - 3 + CZ( 7 ) 

when dim]/ = 2m — 1. In order to include higher-dimensional moduli spaces 
we further assume that a string of closed (homogeneous) differential forms 6 = 
(#1, 9n) on V is chosen and assign to every 9i £ fl*(V) a formal variables U with 
grading 

|**| =2-deg0i. 

Finally, let H be another formal variable of degree \h\ = 2(to — 3). 

Let 2U be the graded Weyl algebra over C of power series in the variables h, p y 
and ti with coefficients which are polynomials in the variables q 7 , which is equipped 
with the associative product * in which all variables super-commute according to 
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their grading except for the variables p 7 , q 7 corresponding to the same Reeb orbit 

1, 

[p 7 ,<7 7 ] = p 7 *g 7 - {-l)^ q ^q 1 -kp 1 = n 7 h. 

(k 7 denotes the multiplicity of 7.) Following [EGH] we further introduce the Poisson 
algebra *P of formal power series in the variables p 1 and ti with coefficients which 
are polynomials in the variables g 7 with Poisson bracket given by 

if, 9} = E^(|^ - 

As in Gromov-Witten theory we want to organize all moduli spaces 
•M SjI .(r + ,r~) into a generating function H G h W, called Hamiltonian. In or- 
der to include also higher-dimensional moduli spaces, in [EGH] the authors follow 
the approach in Gromov-Witten theory to integrate the chosen differential forms 
9\, On over the moduli spaces after pulling them back under the evaluation map 
from target manifold V. The Hamiltonian H is then defined by 

H= V / ev^ 8 il A ... A ev* 6 ir h 9 ~ 1 t I p r+ q r ~ 

r+; P_ JM g , r (r+.r-)/R 

with t 1 = t n ...t ir , p r+ = P 7 +-P 7 + + and q r = q y - ...q^-_ . Expanding 

H = Tr^Hg H 3 

g 

we further get a rational Hamiltonian h = H G *P, which counts only curves with 
genus zero. 

While the Hamiltonian H explicitly depends on the chosen contact form, the 
cylindrical almost complex structure, the differential forms and abstract polyfold 
perturbations making all moduli spaces regular, it is outlined in [EGH] how to 
construct algebraic invariants, which just depend on the contact structure and the 
cohomology classes of the differential forms. 

1.2. Gravitational descendants. For the relation to integrable systems it is 
outlined in [E] that, as in Gromov-Witten theory, symplectic field theory must 
be enriched by considering so-called gravitational descendants of the primary 
Hamiltonian H. 

Before we give a rigorous definition of gravitational descendants in SFT, we 
recall the definition from Gromov-Witten theory. Denote by M r = M g . r (X 7 J) the 
compactified moduli space of closed J-holomorphic curves in the closed symplectic 
manifold X of genus g with r marked points (and fixed homology class) . Following 
[MDSa] we introduce over M r so-called tautological line bundles C\,...,C r , where 
the fibre of Ci over a punctured curve (u, zi, z r ) G A4 r in the noncompactificd 
moduli space is given by the cotangent line to the underlying, possibly unstable 
closed nodal Riemann surface S at the i.th marked point, 

{£i)(u,z u ...,z r ) =T* t S, i = l,...,r. 

To be more formal, observe that there exists a canonical map ir : M r +i — > M. r 
by forgetting the (r + l).st marked point and stabilizing the map, where the fibre 
over the curve (u, z\, z r ) agrees with the curve itself. Then the tautological line 
bundle d can be defined as the pull-back of the vertical cotangent line bundle of 
7T : M r +i — > M r under the canonical section Oi : M r — > M. r +i mapping to the 
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i.th marked point in the fibre. Note that while the vertical cotangent line bundle 
is rather a sheaf than a true bundle since it becomes singular at the nodes in the 
fibres, the pull-backs under the canonical sections are indeed true line bundles as 
the marked points are different from the nodes and hence these sections avoid the 
singular loci. 

Denoting by Ci(£j) the first Chern class of the complex line bundle Ci, one then 
considers for the descendant potential of Gromov-Witten theory integrals of the 
form 

[_ cvl 9 n A ai&Y 1 A ... A evj; 6 ir A Cl (£ r )>, 
JM r 

where (ik,jk) € {1,...,N} x N, which can again be organized into a generating 
function. 

Like pulling-back cohomology classes from the target manifold, the introduction 
of the tautological line bundles hence has the effect that the generating function 
also sees the higher-dimensional moduli spaces. On the other hand, in contrast 
to the former, the latter refers to partially fixing the complex structure on the 
underlying punctured Riemann surface. 

Before we can turn to the definition of gravitational descendants in SFT, it will 
turn out to be useful to give an alternative definition, where the integration of the 
powers of the first Chern classes is replaced by considering zero sets of sections. 
Restricting for notational simplicity to the case with one marked point, we can 
define by induction over j G N a nested sequence of moduli spaces 
M\ such that 

f ev*6iA Cl (jCy = -!-■ [_ ev*6i. 
J Mi J- J Ml 

For j = 1 observe that, since the first Chern class of a line bundle agrees with its 

Euler class, the homology class obtained by integrating Ci(£) over the compactified 

moduli space Aii can be represented by the zero set of a generic section si in 

C. Note that here we use that Mi represents a pseudo-cycle and hence has no 

codimension-one boundary strata. In other words, we find that 

[_ ev*6i Aci(£) = [_ ev*0j, 
Jmi jm\ 

where m\ = sf^O). 

Now consider the restriction of the tautological line bundle C to m{ C Mi. 
Instead of describing the integration of powers of the first Chern class in terms of 
common zero sets of sections in the same line bundle C, it turns out to be more 
geometric (see 2.2) to choose a section Sj not in C but in its j-fold (complex) tensor 
product C® 3 and define 

M{ =sj\0) C Ml' 1 . 
Since c x {C® j ) = j ■ Ci(£) it follows that 

/ ev*6i=j- ( ev*0<Aci(r) 

Jm{ Jmi- 1 

so that by induction 

/ ev*6 i Ac 1 {£) j = i- / ev*0i 
Jm x J- Jm{ 
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as desired. 

While the result of the integration is well-known to be independent of the 
choice of the almost complex structure and the abstract polyfold perturbations, 
it also follows that the result is independent of the precise choice of the sequence 
of sections Si, ...,Sj. Like for the almost complex structure and the perturbations 
this results from the fact that the moduli spaces studied in Gromov-Witten theory 
have no codimension-one boundary. 

On the other hand, it is well-known that the moduli spaces in SFT typically 
have codimension-one boundary, so that now the result of the integration will not 
only depend on the chosen contact form, cylindrical almost complex structure and 
abstract polyfold perturbations, but also additionally explicitly depend on the 
chosen sequences of sections Si,...,Sj. While the Hamiltonian is hence known to 
depend on all extra choices, it is well-known from Floer theory that we can expect 
to find algebraic invariants independent of these choices. 

While the problem of dependency on contact form, cylindrical almost complex 
structure and abstract polyfold perturbations is sketched in [EGH], we will now 
show how to include gravitational descendants into their algebraic constructions. 
For this we will define descendants of moduli spaces, which we obtain as zero sets 
of coherent collections of sections in the tautological line bundles over all moduli 
spaces. 

From now on let Ai r denote the moduli space M g ^ r (T + , r - )/ M studied 
in SFT for chosen collections of Reeb orbits T + ,r~. In complete analogy to 
Gromov-Witten theory we can introduce r tautological line bundles C\,...,C r , 
where the fibre of d over a punctured curve (u, z\, z r ) e M r is again given 
by the cotangent line to the underlying, possibly unstable nodal Riemann surface 
(without ghost components) at the i.th marked point and which again formally can 
be defined as the pull-back of the vertical cotangent line bundle of tt : Ai r +i — > M. r 
under the canonical section ai : M r — > M r +i mapping to the i.th marked point 
in the fibre. Note again that while the vertical cotangent line bundle is rather a 
sheaf than a true bundle since it becomes singular at the nodes in the fibres, the 
pull-backs under the canonical sections are still true line bundles as the marked 
points arc different from the nodes and hence these sections avoid the singular loci. 

For notational simplicity let us again restrict to the case r = 1. Following 
the compactness statement in [BEHWZ], the codimension-one boundary of Aii 
consists of curves with two levels (in the sense of [BEHWZ] ) , whose moduli spaces 
can be represented as products Mi.i x M2.0 or A^i,o x A^2,i of moduli spaces of 
strictly lower dimension, where the marked point sits on the first or the second 
level. As we want to keep the notation as simple as possible, note that here and in 
what follows for product moduli spaces the first index refers to the level and not to 
the genus of the curve. To be more precise, after introducing asymptotic markers 
as in [EGH] for orientation issues, one obtains a fibre rather than a direct product, 
see also [F2]. However, since all the bundles and sections we will consider do or 
should not depend on these asymptotic markers, we will forget about this issue in 
order to keep the notation as simple as possible. 

On the other hand, it directly follows from the definition of the tautological 
line bundle £ over Mi that over the boundary components Mi.i x M2,o an d 
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Mi.o x M.2,1 it is given by 

^ Imi,ixAT 2 ,o = ^ IaTi,oxAT 2 ,i = ^2 ^2, 

where £i, £ 2 denotes the tautological line bundle over the moduli space -Mi,i, 
M.2.1 and in, 7t 2 is the projection onto the first or second factor, respectively. 

With this we can now introduce the notion of coherent collections of sections in 
(tensor products of) tautological line bundles. 

Definition 1.1: Assume that we have chosen sections s in the tautological 
line bundles C over all moduli spaces Mi of J_-holomorphic curves with one 
additional marked point. Then this collection of sections (s) is called coherent if 
for every section s in C over a moduli space Mi the following holds: Over every 
codimension-one boundary component Mi,i x M2,o, Mi,o x M2.1 of Mi the 
section s agrees with the pull-back ir^si, of the chosen section si, s 2 in the 

tautological line bundle d over Mi,i, £2 over M2.1, respectively. 

Remark: Since in the end we will again be interested in the zero sets of these 
sections, we will assume that all occuring sections are transversal to the zero 
section. Furthermore, we want to assume that all the chosen sections are indeed 
invariant under the obvious symmetries like reordering of punctures and marked 
points. In order to meet both requirements, it follows that actually need to employ 
multi-sections as in [CMS] , which we however want to suppress for the rest of this 
exposition. 

The important observation is clearly that one can always find coherent col- 
lections of (transversal) sections (s) by using induction on the dimension of the 
underlying moduli space. While for the induction start it suffices to choose a 
non-vanishing section in the tautological line bundle over the moduli space of 
orbit cylinders with one marked point, for the induction step observe that the 
coherency condition fixes the section on the boundary of the moduli space. Here 
it is important to remark that the coherency condition further ensures that two 
different codimension-one boundary components actually agree on their common 
boundary strata of higher codimension. On the other hand, we can use our 
assumption that every moduli space is indeed a manifold with corners to obtain 
the desired section by simply extending the section from the boundary to the 
interior of the moduli space in an arbitrary way. 

For a given coherent collection of transversal sections (s) we will again define for 
every moduli space 

~M\ = s _1 (0) C Mi. 

As an immediate consequence of the above definition we find that m\ is a neat 
submanifold (with corners) of .Mi, i.e., the components of the codimension-one 
boundary of Mi are given by products Mn x A4 2 ,o an d M\$ x M 2t i, where 
M\ j = s^ 1 (0), m\ 1 = s 2 _1 (0) for the section si in Ci over Mi t i, s 2 in £ 2 
over -M 2j i, respectively. To be more precise, since we actually need to work with 
multi-sections rather than sections in the usual sense, the zero set is indeed a 
branched-labelled manifold. On the other hand, since we already suppressed the 
fact that our moduli spaces are indeed branched and labelled, we want to continue 
ignoring this technical aspect. On the other hand, we can use the above result 
as an induction start to obtain for every moduli space Mi a sequence of nested 
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subspaces M.\ C M\ c M\ as in Gromov-Witten theory. 



Definition 1.2: Le£ j G N. Assume that for all moduli spaces we have 

chosen Mi C .Mi such that the components of the codimension-one boundary of 

Aii are given by products of the form M°ii x M2.0 an d M-1,0 x A^lo ■ Then 
we again call a collection of transversal sections (sj ) in the j-fold tensor products 

C®3 of the tautological line bundles over M\ C M\ coherent if for every 
section Sj the following holds: Over every codimension-one boundary component 

M.\i x M2.fi, Ai\fi x M.2,1 °f Mi 1 the section Sj agrees with the pull-back 

7r 2 s 2,j of the section S\j, S2,j in the line bundle Cf-* over M\ i , L®^ over 

M\ i , respectively. 

With this we will now introduce (gravitational) descendants of moduli spaces. 

Definition 1.3: Assume that we have inductively defined a subsequence of 
nested subspaces Mi <Z M x C Mi by requiring that M\ = sj\0) C M[ for 
a coherent collection of sections Sj in the line bundles C® J over the moduli spaces 
M.^ . Then we call M.^ thej.th (gravitational) descendant of Mi. 

Let 2U° be the graded Weyl algebra over C of power series in the variables % and 
p 1 with coefficients which are polynomials in the variables q y , which is obtained 
from the big Weyl algebra 20 by setting all variables U equal to zero, fn the same 
way define the subalgebra Cp° of the Poisson algebra Apart from the Hamiltonian 
H° G h^ 1 2U° counting only curves with no additional marked points, 



we now want to use the chosen differential forms 9i € il*(V), i = 1, N and the 
sequences Mi = M~ > g l (T + , r~)/R of gravitational descendants to define sequences 
of new SFT Hamiltonians G h^W , (i,j) G {!,..., x N, by 



We want to emphasize that the following statement is not yet a theorem in the 
strict mathematical sense as the analytical foundations of symplectic field theory, 
in particular, the neccessary transversality theorems for the Cauchy-Ricmann 
operator, are not yet fully established. Since it can be expected that the polyfold 
project by Hofer and his collaborators sketched in [HWZ] will provide the required 
transversality theorems, we follow other papers in the field in proving everything 
up to transversality and state it nevertheless as a theorem. 

Theorem 1.4: Counting holomorphic curves with one marked point after 
integrating differential forms and introducing gravitational descendants defines a 
sequence of distinguished elements 



in the full SFT homology algebra with differential D a = [H°, •] : tT 1 2U° -> h' 1 W° , 



h°= £ #M g , (r+,r-)/M ^-yV 



r+,r- 
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Proof: While the boundary equation D° o D° = is well-known to follow from the 
identity [H°,H°] = 0, the fact that every H^-, G {l,...,iV} x N defines an 

element in the homology H i ,(h~ 1 2U°, D°) follows from the identity 

[H°,Hy =0, 

since this proves H] j € kerl? . On the other hand, in order to see that any two 
H*j, H fe ^ commute after passing to homology it suffices to prove the identity 

[ H i,j> H k,d ± t H ' H (i,j),(fe,^)] = 

for any (i,j),(k,£) G {1, iV} x N, where the new Hamiltonian Hz—w^n is 
defined below using descendant moduli spaces with two additional marked points. 

The latter two identities directly follow from our definition of gravitational 
descendants of moduli spaces based on the definition of coherent sections in 
tautological line bundles and the compactness theorem in [BEHWZ]. Indeed, 
in the same way as the identity [H ,H ] = follows from the fact that the 
codimension-one boundary of every moduli space .Mo is formed by products of 
moduli spaces Mifi x M.2,0, the second identity [H°,Hj •] = follows from the 

fact that the codimension-one boundary of a descendant moduli space M.\ is given 

by products of the form M\ s x M 2 fi and A4i,o x M? 2 i- 

In order to prove the third identity [H^-,H^] ± [H^H^-w^x] = for every 
(k,£) G {1, N} x N, we slightly have to enlarge our definition of gravita- 
tional descendants in order to include moduli spaces with two additional marked 
points. For this observe that for every pair j, k G N we can define decendants 

M%' k) of M 2 by setting M.f k) = H Jdf k \ where M%' 0) , M.f k) C M 2 

are defined in the same way as M\, M x C M.\ by simply forgetting the second or 
first additional marked point, respectively. Since the boundary of a moduli space 
of curves with two marked points consists of products of the form M\a x M.2,1 

and Mi.® x M.2,2, -Mi,2 x M2.fi, it follows that the boundary of M 2 ' consists of 

products M j 1A x M2,i, Mi,i x M 3 21 and M1.0 x M 2 ' 2 \ x M 2 ,o- Together 

with the similar result about the boundary of Ai 2 ' and using the inclusions we 

hence obtain that the codimension-one boundary of A4 2 is given by products 

of the form M{ A x ~M%.\> ^1,1 x ^2,1 an d A^i,o x ~M 2 ' k \ x ^2,0- 

While summing over the first two products (with signs) we obtain [H^ •, Hjj. ^], 
summing over the latter two we get [H°, H^ ^ ^ ^], which hence sum up to zero. □ 

Remark: While the proof suggests that for the above algebraic relations 
one only has to care about the codimension-one boundary strata of the moduli 
spaces, it is actually even more important that the coherency condition further 
ensures that two different codimension-one boundary components can be glued 
along their common boundary strata of higher codimension. 

As above we further again obtain a rational version of the above statement by 
expanding H° and the in powers of h. 



Corollary 1.5: Counting rational holomorphic curves with one marked point after 
integrating differential forms and introducing gravitational descendants defines a 
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sequence of distinguished elements 

hi G H*(¥ ,d°), 

in the rational SFT homology algebra with differential d° = {h ,-} : *P° — > *}}° , 
which commute with respect to the Poisson bracket on (?fi , d° ) , 

{h^X*} = 0, (i,j),(k,£) e {1,...,N} x N. 

So far we have only considered the case with one additional marked point. On 
the other hand, the general case with r additional marked points is just notationally 
more involved. Indeed, as we did in the proof of the above theorem we can easily 
define for every moduli space M r with r additional marked points and every r-tuple 
of natural numbers j r ) descendants M^ 1 ''"'^ C M r by setting 

_( jl ,..., v)= _( jl ,o,...,o) n ___ n ^(o,..,o,>) ) 

where the descendant moduli spaces 

_( 0> ...,o Jfc ,o,...,o) c ^ 

are defined in the 

same way as the one-point descendant M.™ C M\ by looking at the r tautological 
line bundles over the moduli space M r — M r (T + ,T~) / R separately and forgetting 
about the other points. 

With this we can define the descendant Hamiltonian of SFT, which we will 
continue denoting by H, while the Hamiltonian defined in [EGH] will from now on 
be called primary. In order to keep track of the descendants we will assign to every 
chosen differential form 0j now a sequence of formal variables Uj with grading 

\U,j\ =2(l-j)-deg0 i . 

Then the descendant Hamiltonian H of SFT is defined by 

H= Y [_ ev* 1 il A...Aev* r e ir h g - 1 t I p r+ q r ~, 
r-^r-,i jM l 1 r Jr) (r+,r-)/R 

where p T+ = P 7 +-P 7 + , <f = and * J = ^ui-'v* for 

1 = {ir, jr))- 

Note that expanding the Hamiltonian H in powers of the formal variables t 



1,3 ' 



H = H° + ^^H l 1 J +o(t 2 ), 



we get back our Hamiltonians H° and the sequences of descendant Hamiltonians 
Hj • from above and it is easy to see that the primary Hamiltonian from [EGH] is 
recovered by setting all formal variables tij with j > equal to zero. 

In the same way as it was shown for the primary Hamiltonian in [EGH], the 
descendant Hamiltonian continues to satisfy the master equation [H, H] = 0, which 
is just a generalization of the identities for H°, ■ and hence can be shown along 
the same lines by studying the codimension-one boundaries of descendant moduli 
spaces. On the other hand, expanding H e h^ 1 2U in terms of powers of h, 

9 

note that for the rational descendant Hamiltonian h = H G *P we still have 
{h,h} = 0. 
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1.3. Invariance statement. We now turn to the question of independence of 
these nice algebraic structures from the choices like contact form, cylindrical 
almost complex structure, abstract polyfold perturbations and, of course, the 
choice of the coherent collection of sections. This is the content of the following 
theorem, where we however again want to emphasize that the following statement 
is not yet a theorem in the strict mathematical sense as the analytical foundations 
of symplectic field theory, in particular, the neccessary transversality theorems for 
the Cauchy-Riemann operator, are not yet fully established. 

Theorem 1.6: For different choices of contact form A ± 7 cylindrical almost 
complex structure jf 1 , abstract polyfold perturbations and sequences of coher- 
ent collections of sections (s^) the resulting systems of commuting operators 
H*;r on H^hr 1 ®} - ,D°>-) and H.]'f on H^h' 1 2U°'+ , L>°<+) are isomorphic, 
i.e., there exists an isomorphism of the Weyl algebras £T*(^ _1 2B°'~, D° ~) 
and F*(^- 1 2n ' + , J D '+) which maps H$'7 G 2»°'~, L>°<-) to 

li;;/ , //.■:// ^it" ./r i. 

As above we clearly also get a rational version of the invariance statement: 

Corollary 1.7: For different choices of contact form A ± 7 cylindrical almost 
complex structure , abstract polyfold perturbations and sequences of coherent 
collections of sections (sf) the resulting system of Poisson- commuting functions 
hj'j on H*(ty°'~ , d°'~) and on d 0,+ ) are isomorphic, i.e., there 

exists an isomorphism of the Poisson algebras d°'~) and ' + , d°' + ) 

which maps h, G H.i^-^d '-) to h]'+ G 

This theorem is an extension of the theorem in [EGH] which states that for dif- 
ferent choices of auxiliary data the small Weyl algebras -ff»(?i -1 2U°' _ , D ' - ) and 
H i ,(h~ 1 2U 0,+ , D Q + ) are isomorphic. On the other hand, assuming that the contact 
form, the cylindrical almost complex structure and also the abstract polyfold sec- 
tions are fixed to have well-defined moduli spaces, the isomorphism of the homology 
algebras is the identity and hence the theorem states the sequence of commuting 
operators is indeed independent of the chosen sequences of coherent collections of 
sections {sf), 

Hk- = Hhf G H^h- 1 2U°, D°). 

For the proof we have to extend the proof in [EGH] to include gravitational 
descendants. To this end we have to study sections in the tautological line bundles 
over moduli spaces of holomorphic curves in symplectic manifolds with cylindrical 
ends. 

Let (W,w) be a symplectic manifold with cylindrical ends (M + xV + ,X + ) and 
(R~ xV~, A - ) in the sense of [BEHWZ] which is equipped with an almost complex 
structure J which agrees with the cylindrical almost complex structures on 
R + xV + . Then we study J-holomorphic curves in W which are asymptotically 
cylindrical over chosen collections of orbits T ± = {7^, ...,7^.} of the Reeb vector 
fields in as the M ± -factor tends to ±00, see [BEHWZ], and denote by 
■M g ,r(r + , T~) the corresponding moduli space of genus g curves with r additional 
marked points ([BEHWZ], [EGH]). Possibly after choosing abstract perturbations 
using polyfolds, obstruction bundles or domain-dependent structures, which agree 
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with chosen abstract perturbations in the boundary as described above, we find 
that .M 9 , r (r + ,r~) is a weighted branched manifold of dimension equal to the 
Fredholm index of the Cauchy-Ricmann operator for J. Note that as remarked 
above we will for simplicity assume that moduli space is indeed a manifold with 
corners, since this will be sufficient for our example and we expect that all the 
upcoming constructions can be generalized in an appropriate way. We further 
extend the chosen differential forms Of, ...6^ on V ± to differential forms 6\,...,6n 
on W as described in [EGH]. 

From now on let M r denote the moduli space M g ^ r {T + , r~) of holomorphic 
curves in W for chosen collections of Reeb orbits T + ,r~. Note in particular that 
there is no longer an R-action on the moduli space which we have to quotient out. 
In order to distinguish these moduli spaces in non-cylindrical manifolds from those 
of holomorphic curves in the cylindrical manifolds, we will use the short-hand 
notation M r for moduli spaces M g . r (T + 7 R of holomorphic curves in R xl /± , 
respectively. Like in Gromov-Witten theory we can introduce r tautological line 
bundles £1, C r , where the fibre of d over a punctured curve (u,z\,..., z r ) e M r 
in the noncompactified moduli space is again given by the cotangent line to the 
underlying closed Riemann surface at the z.th marked point and which formally 
can be defined as the pull-back of the vertical cotangent line bundle under the 
canonical section Oi of 7r : M r +i — > M r mapping to the z.th marked point in the 
fibre. 



For notational simplicity let us again restrict to the case r = 1. Following 
the compactness statement in [BEHWZ] the codimension-one boundary of M.\ 
now consists of curves with one non-cylindrical level and one cylindrical level (in 
the sense of [BEHWZ]), whose moduli spaces can now be represented as products 

M\.\ x M.2.Q, M 1A x M.2,o or Mifl x M^i, M 10 x M.2,1 of moduli spaces of 
strictly lower dimension, where the marked point sits on the first or the second 
level. Again note that here and in what follows for product moduli spaces the 
first index refers to the level and not to the genus of the curve. Furthermore it 
follows from the definition of the tautological line bundle C over M\ that over the 
boundary components Mis x M^q, M 1A x Mi$ and M\$ x M 2 .i, M 10 x M2,i 
it is given by 

c \m; a xM2,„ = £ i ' c Ia7-oxaT 2i1 = ^2 £2, 

where C\ \ C 2 + ^ denotes the tautological line bundle over the moduli space m\ 1 , 
M 2 + i and 7Ti, 7T2 is the projection onto the first or second factor, respectively. 

With this we can now introduce collections of sections in (tensor products of) 
tautological line bundles coherently connecting two chosen coherent collections of 
sections. 

Definition 1.8: Let W be a symplectic manifold with cylindrical ends V^ 1 
and let (s±) be two coherent collections of sections in the tautological line bundles 

over all moduli spaces Mi of J_-holomorphic curves with one additional marked 
point in the cylindrical manifolds R xV . Assume that we have chosen transversal 
sections s in the tautological line bundles C over all moduli spaces M\ of ,]_- 
holomorphic curves in the non- cylindrical manifold W with one additional marked 
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point. Then this collection of sections (s) is called coherently connecting (s_) 
and (s + ) if for every section s in £ over a moduli space Mi the following holds: 
Over every codimension-one boundary component Mi,i x M^o, Mn x M-2,0 an d 
Mi.q x M21, Mi q x M2.1 of Mi the section s agrees with the pull-back wlsi, 
7r^s^ or tt^s^ , 77^2 of the chosen sections Si.(-), s 2,(+) ^ n the tautological line 
bundles c\ ^ over Mi 1 , C 2 + ^ over M 2 + i, respectively. 

Note that one can always find collections of sections (s) coherently connecting 
given coherent collections of sections (s+) and (s_) as before by using induction 
on the dimension of the underlying moduli space. Indeed, for the induction step 
observe that the coherency condition again fixes the section on the boundary of 
the moduli space, so that the desired section can be obtained by simply extending 
the section from the boundary to the interior of the moduli space in an arbitrary 
way. 

For a given coherently connecting collection of sections (s) we will again define 
for every moduli space 

M\ = s- 1 (0) c A7i. 

As an immediate consequence of the above definition we find that the components 
of the codimension-one boundary of Mi are given by products Mi 1 x M^ Q , 

M\ A x M 2 ,o and M\$ x M21 , M 10 x m\ x , where M}j ] = s^)_J0), 
M^'^ = s^"( + j(0) for the section in c[ ' over m\J, s 2 ,(+) in C 2 + ^ over 

M 2 + i, respectively. As before we can use this result as an induction start to ob- 
tain for every moduli space Mi a sequence of nested subspaces M\ C m{ C Mi. 

Definition 1.9: Let j G N and let (sj_±) be two coherent collections of sec- 
tions in the j-fold tensor products £ ±, ® : ' of the tautological line bundles over the 

j— 1 ± ± 

j — l.st gravitational descendants M x C M x of all moduli spaces of curves 
in the cylindrical manifolds M xV ± . Assume that for all moduli spaces of curves 
in the non- cylindrical manifold W we have chosen Mi C Mi such that the 
components of the codimension-one boundary of Mi are given by products of the 

form M J n x M^ , M\ x ' x M2M and Mi t o x M^q ' + , M 10 x M 2 . ■ Then 
we again call a collection of transversal sections (sj ) in the j-fold tensor products 

C®3 of the tautological line bundles over M\ C Mi coherently connecting (sj,-) 
and (Sj,+) if for every section Sj the following holds: Over every codimension-one 

boundary component m{i x M^q, M\i' x M2.0 an d M1.0 x M 3 2 ,i' + , 

M i x M\ i of M\ 1 the section Sj agrees with the pull-back tt^sij, n^sij^ 

or 7r|s2,j,+ , T^2 s 2,j °.f the section Sij^_^, S2,j,(+) i n the line bundle c[ over 

Mii^ \ £ 2 + - ) '® : ' over M 2.1 ^ + \ respectively. 

With this we can now introduce gravitational descendants of moduli spaces for 
symplectic manifolds with cylindrical ends. 

Definition 1.10: Assume that we have inductively defined subsequence of 
nested subspaces C C Mi by requiring that Mi = sj 1 ^) C M[ for 

a collection of sections sj in the line bundles C®^ over the moduli spaces M\ 
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coherently connecting the coherent collections of sections (sj,-) and (sj,+). Then 
we call Ai\ the j.th (gravitational) descendant of Mi- 

In order to prove the above invariance theorem we now recall the extension of the 
algebraic formalism of SFT from cylindrical manifolds to symplectic cobordisms 
with cylindrical ends as described in [EGH]. 

Let ID be the space of formal power series in the variables with coefficients 
which are polynomials in the variables q~. Elements in 2U 0,± then act as differential 
operators from the right/left on T)° via the replacements 

+ ^ - 
Qy i— > KjH , , p i y Kjft _ . 

op^f oq-y 

Apart from the potential F° e hr 1 2U counting only curves in W with no 
additional marked points, 

f°= £ #^ l0 (r+ r-)ft»-yV~, 

r+,r- 

we now want to use the extensions 0i, i — 1, ...,N on W of the chosen differential 
forms 9f,...9jj on V r± and these sequences M.\ = M. 3 gl (T + ,Y~) of gravitational 
descendants to define sequences of new SFT potentials F^-, G {l,...,iV} x N, 

by 

Fl= ]T L ev*e i h 9 - 1 P r+ Q r ~. 
r+r _^M 3 gil (r+,r-) 

For the potential counting curves with no additional marked points we have the 
following identity, where we however again want to emphasize that the following 
statement should again be understood as a theorem up to the transversality 
problem in SFT. 

Theorem ([EGH]): The potential F° e hr 1 D satisfies the master equation 

e F °H^+ - H^V° = 0. 
In [EGH] it is shown that this implies that 

D F ° -.h- 1 ^ ^h- 1 ^, D F °g = e- F0 H^(ge F0 )-(-l)^(ge F °)t^+e' F0 

satisfies D F ° o D F ° = and hence can be used to define the homology algebra 
53°, D F ). Furthermore it is shown that the maps 

F '- :fi- 1 2D°'-->fi- 1 S) , /^ e - F °? e +F °, 
F°'+ :^- 1 2U°'+ f^ e + FOi fe- F ° 
commute with the boundary operators, 

and hence descend to maps between the homology algebras 

: H^tT 1 W ^, D '±) -> H^h- 1 £°, D F °). 

Now assume that the contact forms A + and A~ are chosen such that they define 
the same contact structure {V + ,£ + ) = (V _ ,£ _ ) =: (V,£) and let W = RxV 
be the topologically trivial cobordism. Then in [EGH] the authors prove (up to 
transversality) the following fundamental theorem. 
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Theorem ([EGH]): The map 

is an isomorphism of graded Weyl algebras. 

For the proof of the invariance statement we want to show that this map 
identifies the sequences U]f, G {1,...,N} x N on H :t (h~ 1 2U 0,± , D ^). In 

order to get the right idea for the proof, it turns out to be useful to even enlarge 
the picture as follows. 

Precisely in the same way as for cylindrical manifolds we can define for every 
tuple (ji, ...,j r ) of natural numbers gravitational descendants J^--' 1 ''"'-'^ q f 
moduli spaces of curves in non-cylindrical manifolds with more than one additional 
marked point, which are collected in the descendant potential F G h^ 1 D, where 2) 
is again obtained from D by considering coefficients which are formal powers in 
the graded formal variables tij, (i,j) G {1, —,N} x N. 

Assuming for the moment that we have proven the fundamental identity 

e F H+ - FlV = 

and expanding the potential F G ft -1 D and the two Hamiltonians H ± G h^ 1 2U ± 
in powers of the t- variables, 

F = F° + £ Uj F]j +o(t% H± = H n,± + £ Uj +o(t 2 ) , 

i,j i,3 

we can deduce besides the master equation for F , 

e F °rF - H^e F ° = 
and other identities also the identity 

e F °F^+ HgV = H^V° Fjj) - (e F ° F* .)H^, 
about F°, F}j and H ^, H^, where we used that 

i,3 

Proof of the theorem: Instead of proving the master equation for the full descen- 
dant potential F, we first show that it suffices to prove 

- HgV° = H^V Pjj) - (e F ° F*,)H^. 
Indeed, it is easy to see that the desired identity implies that 

F°>+(Hl;;) - FO'-(Hl;r) = e+^+e-* e^iijf e +*° 
is equal to 

e- F °H^V F ° F].) (e+ F ° F^F^e^ = D*° 
so that, after passing to homology, we have 

as desired. 

On the other hand, the above identity directly follows from our definition of 
gravitational descendants of moduli spaces based on the definition of coherently 
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connecting sections in tautological line bundles and the compactness theorem 
in [BEHWZ]. Indeed, in the same way as it is shown in [EGH] that the master 
equation for F° and H 0,± follows from the fact that the codimension-one boundary 
of every moduli space A4q is formed by products of moduli spaces Mi.o x M20 

and M 10 x A^.o, the desired identity relating F°, Fjj and H° :± , can be 

seen to follow from the fact that the codimension-one boundary of a descendant 
moduli space M\ is given by products of the form Mi A x *M^ , Mi A x M.2,0 and 
M1.0 x M 3 2^_, M. 10 x M 21 : While the two summands involving F° and H*'r, 
'H-i'j' on the left- hand-side of the equation collect all boundary components of the 

form Mi A x M.2,0, x A^2,i] triC two summands involving F* • and H°'~, 

H°' + on the right-hand-side of the equation collect all boundary components of 
the form M 10 x M. J 21 , M.\ A x M-2,0, respectively. Note that as for the master 
equation for F° and H 0,± the appearance of F° in the exponential follows from 
the fact that there corresponding curves may appear with an arbitrary number of 
connected components, while the curves counted for in H 0,± , H^'- , F^- can only 
appear once due to index reasons or since there is just one additional marked point. 

Finally, in order to see why we actually have H*' _ = on homology if we 

fixed A~ = A + = A, J~ = J_ + = J and the abstract polyfold perturbations to have 
well-defined moduli spaces, observe that in this case F° just counts orbit cylinders, 
so that F 0,± and hence (F ^)* is the identity. □ 

1.4. The circle bundle case. In this subsection we briefly want to discuss the 
important case of circle bundles over closed symplectic manifolds, which links our 
constructions to gravitational descendants in Gromov-Witten theory, see also [R]. 

For this recall that to any closed symplectic manifold [M, lj) with integral 
symplectic form [w] £ H 2 (M, Z) one can canonically assign a principal circle bundle 
7r : V — > M over (M, co) by requiring that Ci(V) = [co]. Furthermore, it is easy to 
see that an S^-connection form A with curvature u> on ir : V — > M is a contact form 
on the total space V, where the underlying contact structure agrees with the corre- 
sponding horizontal plane field £ = ker A, while the Reeb vector field R agrees with 
the infinitesimal generator of the S^-action. Observe that a (^-compatible almost 
complex structure J on M naturally equips R x V with a cylindrical almost complex 
structure by requiring that J maps the Reeb vector field to the M-direction and 
agrees with J on the horizontal plane field £, which is naturally identified with TM. 

Since every fibre of the circle bundle is hence a closed Reeb orbit for the contact 
form A, it follows that the space of orbits is given by M x N, where the second 
factor just refers to the multiplicity of the orbit. Hence, while every contact form 
in this class is not Morse as long as the symplectic manifold is not a point, it is 
still of Morse-Bott type. 

Following [EGH] the Weyl algebra 2U° in this Morse-Bott case is now generated 
by sequences of graded formal variables p a .k, Qa.k, k G N assigned to cohomology 
classes a forming a basis of H*(M, Z). For circle bundles in the Morse-Bott setup 
we now show that the general theorem from above leads the following stronger 
statement. Note that in the following theorem we do not assume that the sequences 
of coherent collections of sections are neccessarily S 1 -invariant. 

Theorem 1.11: For circle bundles over symplectic manifolds, which are 
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equipped with S 1 -invariant contact forms, cylindrical almost complex structures 
(and abstract poly fold perturbations) as described above, the descendant Hamilto- 
nians H]j define a sequence of commuting operators on 2B° , which is independent 
of the auxiliary data. 

Proof: Observing that a map u : — > (IxV, J) from a punctured Ric- 

mann sphere to the cylindrical manifold IxV, which is equipped with the 
canonical cylindrical almost complex structure J defined by the w-compatiblc 
almost complex structure J on M, can be viewed as tuple (h,u), where 
u : — > (M, J) is a J-holomorphic curve in M and h is a holomorphic section 
in R xu*V — >• S, it is easy to see that every moduli spaces studied in SFT for 
the contact manifold V carries a natural circle bundle structure after quoticnting 
out the natural R-action. It follows that D° — 0, so that by our first theorem 
the already commute as elements in 2U°. On the other hand, as long as 
the two different collections of auxiliary structures for V are actually obtained 
as pull-backs of the corresponding auxiliary structures on M, it follows in the 
same way that the only rigid holomorphic curves in the resulting cobordisms 
are the orbit cylinders, so that the resulting automorphism is indeed the identity. □ 

For S 1 and S 3 Eliashberg already pointed out in his ICM 2006 talk, see [E], 
that the corresponding sequences counting only genus zero curves lead to clas- 
sical integrable systems, while the sequences of commuting operators provide 
deformation quantizations for these hierarchies. This is based on the surprising 
fact that the sequence of Poisson-commuting functions actually agrees with 
integrable system for genus zero from Gromov-Witten theory obtained using the 
underlying Frobenius manifold structure. In particular, for V = S 1 it follows that 
that the resulting system of Poisson-commuting functions are precisely the com- 
muting integrals of the dispersionless KdV hierarchy, 

h] = I dx, u(x) = ]T Pn e +2 ™ nx + q n e- 2 — , 

Js 1 U + )■ neN 

while in the case of the Hopf fibration V = S 3 over M = S 2 one arrives at the 
Poisson-commuting integrals of the continuous limit of the Toda lattice. 

In order to see why in genus zero the SFT of the circle bundle V is so closely 
related to the Gromov-Witten theory of its symplectic base M, we recall from 
the proof of the theorem that every J-holomorphic curve u can be identified with 
a tuple (h,u), where u is a J-holomorphic curve in M and h is a holomorphic 
section in KxuT — > S, whose poles and zeroes correspond to the positive and 
negative punctures with multiplicities. Since the zeroth Picard group of S* 2 is 
trivial and hence every degree zero divisor is indeed a principal divisor, it follows 
that for every map u the space of sections is isomorphic to C and hence that 
the SFT moduli space of J-holomorphic curves in R x V is indeed a circle bundle 
over the corresponding Gromov-Witten moduli space of J-holomorphic curves in M. 

While this explains the close relation of SFT of circle bundles and Gromov- 
Witten theory in the genus zero case, the non-triviality of the Picard group for 
nonzero genus implies that the relation gets much more obscure when we allow for 
curves of arbitrary genus. Indeed, while in the case of V = S 1 the sequence 
defined by counting curves of arbitrary genus in R x V leads to the deformation 
quantization of the dispersionless KdV hierarchy, in particular, a quantum inte- 
grable system, counting curves of all genera in the underlying symplectic manifold, 
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that is, the point, leads by Witten's conjecture to the classical integrable system 
given by the full KdV hierarchy as proven by Kontsevich . 

At the end of this subsection we again want to emphasize that the above state- 
ment crucially relies on the fact that V is equipped with a ^-invariant contact 
form, cylindrical almost complex structure and abstract polyfold perturbations. 
Assuming for the moment that the sequences of coherent collections of sections are 
also chosen to be ^-invariant, note that in this case the above invariance statement 
can directly be deduced from the independence of the descendant Gromov-Witten 
potential of the auxiliary data used to define it, which essentially relies on the fact 
that all moduli spaces have only boundary components of codimension greater or 
equal to two, so that absolute rather than relative virtual classes are defined. In 
particular, the gravitational descendants can be defined by integrating powers of 
the first Chern class over the absolute moduli cycle. On the other hand, recall that 
for the above theorem we did not require that the sequences of coherent collections 
of sections are neccessarily ^-invariant. While our definition of coherent collec- 
tions of sections seems to be very weak, our above theorem shows that the nice 
invariance property continues to hold even for a larger class of sections. 

2. Example: Symplectic field theory of closed geodesics 

2.1. Symplectic field theory of a single Reeb orbit. We are now going to 
consider a concrete example, which actually formed the starting point for the 
formal discussion from above. 

As above consider a closed contact manifold V with chosen contact form 
A 6 ^(V) and let J be a compatible cylindrical almost complex structure on 
RxK For any closed orbit 7 of the corresponding Reeb vector field R on V the 
orbit cylinder K. x 7 together with its branched covers are the basic examples of 
J-holomorphic curves in R xV. 

In [F2] we prove that these orbit curves do not contribute to the algebraic 
invariants of symplectic field theory as long as they do not carry additional marked 
points. Our proof explicitly uses that the orbit curves (over a fixed orbit) are 
closed under taking boundaries and gluing, which follows from the fact that orbit 
curves are also trivial in the sense that they have trivial contact area and that 
this contact area is preserved under taking boundaries and gluing. In particular, 
it follows, see [F2], that every algebraic invariant of symplectic field theory has 
a natural analog defined by counting only orbit curves. Further specifying the 
underlying Reeb orbit let us hence introduce the symplectic field theory of the Reeb 
orbit 7: 

For this denote by 2H° be the graded Weyl subalgebra of the Weyl algebra 
2U, which is generated only by those p- and q- variables p n — p 7 «, q n = q^ n 
corresponding to Reeb orbits which are multiple covers of the fixed orbit 7 and 
which are good in the sense of [BM]. In the same way we further introduce 
the Poisson subalgebra *}3° of It will become important that the natural 

identification of the formal variables p n and q n does not lead to an isomorphism of 
the graded algebras 22J° and with the corresponding graded algebras 2Ugi and 
for 7 = V = S 1 , not only since the gradings of p n and q n are different and 
hence even the commutation rules may change but also that variables p n and q n 
may not be there since they would correspond to bad orbits. 
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In the same way as we introduced the (rational) Hamiltonian H and h as well 
as sequences of descendant Hamiltonians and by counting general curves 
in the symplcctization of a contact manifold, we can define distinguished elements 
H° e 1 2U° and h° e as well as sequences of descendant Hamiltonians 
H* • and h • by just counting branched covers of the orbit cylinder over 7 with 
signs (and weights), where the preservation of the contact area under splitting and 
gluing of curves proves that for every theorem from above we have a version for 7. 

While for the general part described above we have already emphasized that the 
theorems are not yet theorems in the strict mathematical sense since the neccessary 
transversality theorems for the Cauchy-Riemann operator are part of the on-going 
polyfold project by Hofer and his collaborators and we further used the assumption 
that all occuring moduli spaces are manifolds with corners, for the rest of this 
paper we will restrict to the rational case, i.e., we will only be interested in the 
Poisson-commuting sequences j on , d®), but in return solve the occuring 

analytical problems in all detail. In particular, we have already proven in the 
paper [F2] that for (rational) orbit curves the transversality problem can indeed be 
solved using finite-dimensional obstruction bundles instead of infinite-dimensional 
polybundlcs. In order to see why this is even neccessary, observe that while in the 
case when 7 = V = S 1 the Frcdholm index equals the dimension of the moduli 
space, for general 7 C V the Fredholm index of a true branched cover is in general 
strictly smaller than the dimension of the moduli space of branched covers, so 
that transversality for the Cauchy-Riemann operator can in general not be satisfied. 

So let us recall the main results about obstruction bundle transversality for 
orbit curves, where we refer to [F2] for all details. The first observation for 
orbit curves is that the cokernels of the linearized Cauchy-Riemann operators 
indeed fit together to give a smooth vector bundle Cokerdj over the compactificd 
(nonregular) moduli spaces M of orbit curves (of constant rank). It follows that 
every transveral section v of this cokernel bundle leads to a compact perturbation 
making the Cauchy-Riemann operator transversal to the zero section in the 
underlying polyfold setup. 

In Gromov-Witten theory we would hence obtain the contribution of the regular 
perturbed moduli space by integrating the Euler class of the finite-dimensional 
obstruction bundle over the compactified moduli space. On the other hand, passing 
from Gromov-Witten theory back to symplectic field theory again, we see that we 
just arrive at the same problem we had to face with when we wanted to define 
gravitational descendants in symplectic field theory. Indeed, as for the tautological 
line bundles, the presence of codimension-one boundary of the (nonregular) moduli 
spaces of branched covers implies that Euler numbers for sections in the cokernel 
bundles are not defined in general, since the count of zeroes depends on the 
compact perturbations chosen for the moduli spaces in the boundary. 

Instead of looking at a single moduli space, we hence again have to consider all 
moduli spaces at once. Replacing the tautological line bundle C by the cokernel 
bundle Cokerdj and considering the nonregular moduli space of branched covers 
instead of the regular moduli space itself, we hence now define coherent collections 
of sections in the obstruction bundles Cokerdj over all moduli spaces M as follows. 

Following the compactness statement in [BEHWZ] for the contact manifold S 1 
the codimension-one boundary of every moduli space of branched covers M. again 
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consists of curves with two levels (in the sense of [BEHWZ] ) , whose moduli spaces 
can be represented as products Mi x M2 of moduli spaces of strictly lower dimen- 
sion, where the first index again refers to the level. On the other hand, it follows 
from the linear gluing result in [F2] that over the boundary component Mi x M2 
the cokernel bundle Coker9j is given by 

1 _ 2 — 

Cokerdj |^ x ^ = tt* Coker dj©^ Coker dj_, 

1 - 2 - 

where Coker dj_, Coker dj_ denotes the cokernel bundle over the moduli space Mi, 

M.i and m, 7r 2 is the projection onto the first or second factor, respectively. 

Assuming that we have chosen sections D in the cokernel bundles Coker<9j over 

all moduli spaces M of branched covers, we again call this collection of sections 

(p) coherent if over every codimension-one boundary component A^i x M2 of a 

moduli space M the corresponding section v agrees with the pull-back ~kXT>\ © 

1 - 2 - 

of the chosen sections i>i, T>i in the cokernel bundles Coker dj_ over Mi, Coker dj_ 

over M2, respectively. 

Since in the end we will again be interested in the zero sets of these sections, we 
will again assume that all occuring sections are transversal to the zero section. As 
before it is not hard to see that one can always find such coherent collections of 
(transversal) sections in the cokernel bundles by using induction on the dimension 
of the underlying nonregular moduli space of branched covers. Note that the latter 
is not equal to the Fredholm index. 

In [F2] we prove the following result about orbit curves with no additional 
marked points. 

Theorem ([F2]): For the cokernel bundle Cokcrdj over the compactifica- 
tion M of every moduli space of branched covers over an orbit cylinder with 
dim M — rank Coker dj = the following holds: 

• For every pair D° , v 1 of coherent and transversal sections in Cokerdj the 
algebraic count of zeroes of 9° and v 1 are finite and agree, so that we can 
define an Euler number x(Coker<9j) for coherent sections in Coker<9j by 

xiCok^Bj) := tt^ )- 1 ^) = tt^r'W- 

• This Euler number is x(Coker9j) = 0. 

This theorem in turn has the following consequence. 

Corollary 2.1: For every closed Reeb orbit 7 the Hamiltonian h° van- 
ishes independently of the chosen coherent collection of sections (p) in the cokernel 
bundles over all moduli spaces of branched covers, 

h° = h°' p = 0. 

In particular, the sequences of descendant Hamiltonians h j already Poisson- 
commute as elements in . 

Note that the latter statement is obvious in the case 7 = V = S 1 . While it 
directly follows from index reasons that h^i 3 ■ — when the string of differential 
forms just consists of the zero- form 1 on S 1 , it is shown in [E] using the results from 
Okounkov and Pandharipande in [OP] that for the one-form dt on S 1 the system 
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of Poisson commuting functions on is given by 




+ q n e 



— 2-Kinx 



i.e., hence agrees with the dispersionless KdV (or Burger) integrable hierarchy. 

Going back from 7 = V = S 1 to the case of orbit curves over general Reeb orbits 
7, observe that, since for the orbit curves the evaluation map to V factors through 
the inclusion map 7 C V, it follows that it again only makes sense to consider zero- 
or one-forms, where we can assume without loss of generality that the zero-form 
agrees with 1 G il°(V) and that the integral of the one- form 9 e ^(V) over the 
Reeb orbit is one, 



For the case with no gravitational descendants, note that it follows from index 
reasons that the only curves to be considered are orbit cylinders with one marked 
point, since introducing an additional marked point adds two or one to the Fredholm 
index. Since orbit cylinders are always regular and their contribution hence just 
equals the integral of the form 9 over the closed orbit 7, we hence get just like in 
the case of 7 = V = S 1 that the zeroth descendant Hamiltonian h vanishes if 
deg 9 = and 



if deg6> = 1 with the normalization from above. For the sum note that we only 
assigned formal variables p n , q n to Reeb orbits which are good in the sense of [BM]. 

While the Hamiltonians hence agree with the Hamiltonian hgi for 
7 = V = S 1 up to the problem of bad orbits, since no obstruction bundles have to 
be considered, it is easy to see that the argument breaks down when gravitational 
descendants are introduced, since the underlying orbit curve then has non-zero 
Fredholm index 1 + 2(j — 1) + deg6> and hence need not be an orbit cylinder 
anymore. While for the case of a one-form we can hence expect to find new 
integrals for the nontrivial Hamiltonian h S i = h •, we first show that in the 
case of a zero-form not only the zeroth Hamiltonian but even the whole sequence 
of descendant Hamiltonians h 7 j is trivial. 

Theorem 2.2: Let 7 be a Reeb orbit in any contact manifold V and as- 
sume that the string of differential forms on V just consists of the zero-form 
1 G n°(V). Then the sequence of Poisson- commuting functions h^- on is 



just like in the case of 7 = V = S 1 . 

Proof: Since the proof of this theorem follows from completely the same ar- 
guments as the proof of our theorem in [F2] about Euler numbers of coherent 
sections in obstruction bundles from above, we shortly give the main idea for the 
proof in [F2] about orbit curves without additional marked points and then discuss 
its generalization to orbit curves with zero-forms and gravitational descendants. 

After proving that we can work with finite-dimensional obstruction bundles 
instead of infinite-dimensional polybundles, recall that the main problem lies in 
the presence of codimension-one boundary of the (nonregular) moduli space, so 





'n 



trivial, 
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that Eulcr numbers of Fredholm problems are not defined in general, since the 
count of zeroes in general depends on the compact perturbations chosen for the 
moduli spaces in the boundary. In [F2] we prove the existence of the Euler number 
for moduli spaces of orbit curves without additional marked points by induction 
on the number of punctures. For the induction step we do not only use that 
there exist Eulcr numbers for the moduli spaces in the boundary, but it is further 
important that all these Euler numbers are in fact trivial. The vanishing of the 
Euler number in turn is deduced from the different parities of the Fredholm index 
of the Cauchy-Riemann operator and the actual dimension of the moduli space of 
branched covers following the idea for the vanishing of the Euler characteristic for 
odd-dimensional manifolds. 

For the generalization to the case of additional marked points and gravitational 
descendants, it is clear that it still suffices to work with finite-dimensional 
obstruction bundles. On the other hand, recall that the only further ingredient 
to our proof in [F2] was that the Fredholm index and the dimension of the 
moduli spaces always have different parity. Hence it follows that the proof in 
[F2] also works for the case when 6 is a zero-form as the actual dimension of the 
moduli spaces is still even, while it breaks down in the case when 6 is a one-form. □ 

Observe that for one-forms it is indeed no longer clear that the every Eulcr 
number has to be zero, as we for 7 = V = S 1 and 8 = dt we get nontrivial 
contributions from true branched covers. While at first glance the major problem 
seems to be the truely complicated computation of the Euler number (see [HT1], 
[HT2] for related results) , we further have the problem that Eulcr numbers need no 
longer exist for all Fredholm problems. For the rest of this paper we will hence only 
be interested in the case where the chosen differential form has degree one, deg6* = 1. 

While for 7 = V = S 1 we actually get a unique sequence of Poisson-commuting 
functions, observe that for general fixed Reeb orbits 7 in contact manifolds V the 
descendant Hamiltonians = h*'^ may indeed depend on the chosen collection 
of sections in the cokernel bundles Cokerdj. Hence the invariance statement 
is no longer trivial, but implies that for different choices of coherent abstract 
perturbations v for the moduli spaces the resulting system of commuting elements 
h*'J, j — 0,1,2,.. and h*'J~, j = 0,1,2,.. on are just isomorphic, i.e., there 
exists an automorphism of the Poisson algebra which identifies h*'~ € ^ with 



The above discussion hence shows that the computation of the symplectic 
field theory of a closed Reeb orbit gets much more difficult when gravitational 
descendants are considered. In what follows we want to determine it in the 
special case where the contact manifold is the unit cotangent bundle S*Q of a 
(m-dimcnsional) Riemannian manifold Q, so that every closed Reeb orbit 7 on 
V = S*Q corresponds to a closed geodesic 7 011 Q. 

Before we can state the theorem we first want to expand the descendant Hamilto- 
nians hgi ■ in terms of the p n - and g„ -variables, where set p n = g_„. Abbreviating 
u n {x) — q n e mx for every nonzero integer n it follows from u = J2 n Un ^ na * 



h*;+ e <P" for all j e N. 




si (i + 2)! 



dx = 




u ni (x) ■ ... ■ u. 



(J +2)! 



'"3+2 




dx 
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On the other hand, note that the integration around the circle corresponds to 
selecting only those sequences of multiplicities (m, rij+2), whose sum is equal to 
zero, so that 



a + 2)i 

7H + ...+n J+2 =0 w ; ' 

Apart from the sequence of Poisson-commuting functions for the circle, the grading 
of the functions given by the grading of p n - and g n -variables will play a central 
role for the upcoming theorem. For this observe that it follows from the grading 
conventions in symplectic field theory that the grading of the full Hamiltonian H° is 
— 1, so that by H° = J2 g h 9 ^ 1 H° g the grading for the rational Hamiltonian h° = Hq 
is given by | h° | = | H° | + |fi| = — 1 + 2 (to — 2). Since this grading has to agree 
with the grading of tj hj with \tj\ = 2(1 — j) — deg(9 = 1 — 2j, it follows that for 
every Reeb orbit 7 C V we have 

I h^j I = -1 + 2(to - 2) - 1 + 2j = 2(m + j - 3). 

We already mentioned that the natural identification of the formal variables 
p n and q n docs not lead to an isomorphism of the graded algebras 2U° and 
with the corresponding graded algebras W° s i and for 7 = V = S 1 , not only 
since the gradings of p n and q n are different and hence even the commutation 
rules may change but even that variables p n and q n may not be there since 
they would correspond to bad orbits. While for the grading of 7 = V = S 1 
given by \p n \ = \q n \ = —2 in the descendant Hamiltonians h S i j every summand 
indeed has the same degree 2 (to + j — 3), passing over to a general Reeb orbit 7 
with the new grading given by \p n \ = m — 3 — CZ(-f n ), \q n \ = m — 3 + CZ("f n ) 
the descendant Hamiltonian h S i j is no longer of pure degree, i.e., different 
summands of the same descendant Hamiltonian usually have different degree. 
While the Poisson-commuting sequence for the circle seems not to be related to 
the sequence of descendant Hamiltonians for general Reeb orbits 7, we prove 
the following result in the case when the Reeb orbit corresponds to a closed geodesic. 

Theorem 2.3: Assume that the contact manifold is the unit cotangent bun- 
dle V = S*Q of a Riemannian manifold Q, so that the closed Reeb orbit 7 
corresponds to a closed geodesic 7 on Q, and that the string of differential forms 
just consists of a single one-form which integrates to one around the orbit. Then the 
resulting system of Poisson-commuting functions h •, j G N on is isomorphic 
to the system of Poisson-commuting functions gi j, j & N on = Cp°, where for 
every j e N the descendant Hamiltonian gi ■ is given by 



• Q 



(.7 + 2)! 

where the sum runs over all ordered monomials q ni ■ ... -qn j+2 with n\ + ... + rtj + 2 = 
and which are of degree 2(m + j — 3). Further e(n) e { — 1, 0, +1} is fixed by a 
choice of coherent orientations in symplectic field theory and is zero if and only if 
one of the orbits 7™ 1 , ...,7 Tli + 2 is bad. 

We have the following immediate corollary, which immediately follows from the 
behavior of the Conley-Zehnder index for multiple covers. 

Corollary 2.4: Assume that the closed geodesic 7 represents a hyperbolic 
Reeb orbit in the unit cotangent bundle and dim Q > 1 . Then g\ = and hence 
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h^j = for all j > 0. 

Indeed, since for hyperbolic Reeb orbits the Conley-Zehnder index CZ(j n ) of 
7™ is given by CZ(-f n ) = n ■ CZ(7), an easy computation shows that there are no 
products of the above form of the desired degree. On the other hand, note that 
without the degree condition we would just get back the sequence of descendant 
Hamiltonians for the circle. Forgetting about orientation issues, in simple words we 
can hence say that the sequence gi ■ is obtained from the sequence for 7 = Q = S 1 
by removing all summands with the wrong, that is, not maximal degree, where the 
latter can cxplicitcly be computed using the formulas in [Lo] but also follows from 
our proof. 

The proof relies on the observation that for orbit curves the gravitational 
descendants indeed have a geometric meaning in terms of branching conditions, 
which is a slight generalization of the result for the circle shown by Okounkov 
and Pandharipandc in [OP]. Applying (and generalizing) the ideas of Cieliebak 
and Latschev in [CL] for relating the symplectic field theory of V = S*Q to 
the string topology of the underlying Riemannian manifold Q, we then study 
branched covers of the corresponding trivial half-cylinders in the cotangent bundle 
connecting the Reeb orbit 7 with the underlying geodesic 7 to prove that the 
sequence of Poisson-commuting functions • is isomorphic to a sequence of 
Poisson-commuting functions g^j- While the descendant Hamiltonians h^j 
on the SFT side are defined using very complicated obstruction bundles over 
(nonregular) moduli spaces of arbitary large dimension, the key observation is 
that for the descendant Hamiltonians gi ^ on the string side we indeed only 
have to study obstruction bundles over discrete sets, which clearly disappear 
if the Fredholm index is right. With this we get that the Poisson-commuting 
sequences for the closed geodesies can be computed from the sequences for the 
circle and the Morse indices of the geodesic and its iterates as stated in the theorem. 



2.2. Gravitational descendants = branching conditions. Recall that by the 
above theorem from the last subsection we only have to consider the case where 
9 is a one-form on V, where we still assume without loss of generality that the 
integral of 9 over 7 is one. It follows that integrating the pullback of 9 under 
the evaluation map over the moduli space of orbit curves with one additional 
marked point and dividing out the natural ]R-action on the target R xS 1 =8x7 
is equivalent to restricting to orbit curves where the additional marked point is 
mapped to a special point onlxS 1 . In other words, in what follows we will view 
ft* j no longer as part of the Hamiltonian for 7 but as part of the potential for 
the cylinder over 7 equipped with a non-translation-invariant two-form. In order 
to save notation, M.\ = A4i(r+,r~) will from now on denote the corresponding 
moduli space. On the other hand, after introducing coherent collections (D) of 
obstruction bundle sections, it is easy to sec that the tautological line bundle 
C over M l is just the restriction of the tautological line bundle C over M\ to 
M\ = i7- 1 (0)c Ml 

For the orbit curves we now want to give a geometric interpretation of grav- 
itational descendants in terms of branching conditions over the special point on 
R X5 1 . Before we state the corresponding theorem and give a rigorous proof using 
the stretching-of-the-neck procedure from SFT, we first informally describe a naive 
direct approach based on our definition of gravitational descendants from above, 
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which should illuminate the underlying geometric ideas. 

Recall that if (h, z) is an element in the non-compactified moduli space 
Mi C M\ the fibre of the canonical line bundle C over (h, z) is given by 
C(h.z) — T*S. Identifying the tangent space to the cylinder at the special point 
with C it follows that s(h,z) — ff(-z) G T*S is a section in the restriction of 
C to Mi- Since s is a transversal section in the tautological line bundle over 
A^i if and only if it extends to a section over Mi such that s (B v is transversal 
to the zero section in C ® Coker dj over M 1 , we may assume after possibly 
perturbing v that s is indeed transversal. On the other hand, since ^(z) = 
is equivalent to saying that z G 5* is a branch point of the holomorphic map 
h : S — > CP 1 , it follows that M\ := s _1 (0) C Mi indeed agrees with the space of all 
orbit curves (h, z) with one additional marked point, where z is a branch point of h. 

Further moving on to the case j = 2 observe that a natural candidate for a 
generic section S2 in the restriction of the product line bundle £® 2 to M\ C M\ 
is given by s 2 (h, z) = 0(z) G (T^S)® 2 , for which Ml = s^(0) C M\ agrees 
with the space of holomorphic maps where z G S is now a branch point of order at 
least two. For general j we can hence proceed by induction and define the section 
Sj in C® j over M{~ X := sj^^O) C Mi by Sj(h,z) = §~{z), so that M{ agrees 
with the space of holomorphic maps where z G S is a branch point of order at least j. 

If the chosen sections s\,...,Sj over the non-compactified moduli spaces would 
extend in the same way to a coherent collection of sections in the tautological line 
bundles over the compactified moduli spaces Mi, the above would show that in 
the case of orbit curves considering the j.th descendant moduli space is equivalent 
after passing to homology to requiring that the underlying additional marked point 
is a branch point of order j. In [OP] it was however shown that already for the 
case of the circle 7 = V = S 1 the latter assumption is not entirely true, but that 
one instead additionally obtains corrections from the boundary Mi — Mi. 

To this end, we define a branching condition to be a tuple of natural numbers 
fi = (fii, of length £(fi) and total branching order = fii+...+fi^y Then 

the moduli space M^ = ^^(r+jr - ) consists of orbit curves with £(/j,) connected 
components, where every connected component carries one additional marked point 
Zi, which is mapped to the special point on R X7 and is a branch point of order 
IH — 1 for i = 1, For every branching condition = (^1, —,fie(n)) we then 

define new Hamiltonians h 1 ^ = h 1 '^ by setting 

K,»= E ^(r+r-^V". 

r+,r- 

With the following theorem we will prove that the abstract descendants- 
branching correspondence from [OP] holds for every closed Reeb orbit 7 C V. For 
every j G N and every branching condition /i we let p® be the number given by 
integrating the j.th power of the first Chern class of the tautological line bundle 
over the moduli space of connected rational curves over CP 1 with one marked 
point mapped to and £(fi) additional marked points z% mapped to 00 which are 
branch points of order ^ — 1, i = 1, ...,£(p). 

Lemma 2.5: Each of the descendant Hamiltonians h 1 j can be written as a 
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sum, 

K-J = ~? ' h 7,0 + l) + Pin ' h 7,A" 

where ^ £ counts branched covers of the orbit cylinder with £(/j) connected 
components, where each component carries one additional marked point Zi, which 
is mapped to the special point on Rx-f and is a branch point of order [n — 1 for 
i = l,..,%). 

Note that the statement of the lemma can be rephrased by saying that the 
integration of the j.th power of the first Chern class corresponds to a weighted sum 
of branching conditions, 

• j ■ (i + i) + £pL • /'• 

M<3 

which is the rational version of the abstract descendants-branching correspondence 
from [OP] for the circle, where the coefficient ■ is nonzero and agrees with the 
coefficient pj yfJi from [OP] only if the genus g determined by the Fredholm index, 

j + l = 2g-l + \n\+ l(n) 

is zero. 

Proof: Recall that the result in [OP] for the circle relies on the degenera- 
tion formula from relative Gromov-Wittcn theory, where the target sphere with 
three special points x~ — 0, x + — oo and x degenerates in such a way that the 
original sphere only carries the two special points x~ = 0, x + = oo while the 
third special point sits on a second sphere connected to the original one by a 
node. Viewing a sphere with two special points as a cylinder, it is clear that a 
corresponding statement can be proven for a Reeb orbit 7 in a general contact 
manifold if the standard cylinder is replaced by the orbit cylinder RX7 in the 
symplectization of the contact manifold which degenerates to an orbit cylinder 
with a ghost bubble attached. 

Since the degeneration formula from relative Gromov-Witten theory is no 
longer applicable, we will have to use the neck-stretching process from symplectic 
field theory, which however agrees with the degeneration process from relative 
Gromov-Witten theory in the case of the circle. For this observe that performing 
a neck-stretching at a small circle around the special point on the standard 
cylinder we obtain a pair-of-pants together with a complex plane carrying the 
special point, which can be identified with spheres with three or two special 
points, respectively. Replacing the circle by a Reeb orbit 7 in a general contact 
manifold the neck-stretching yields besides a complex plane with a special point a 
pair-of-pants with a positive and a negative cylindrical ends over 7 together with 
a cylindrical end over the circle. 

Note that in order to include infinitesimal deformations needed for the obstruc- 
tion bundles, we identify the orbit cylinder 8x7 (together with an infinitesimal 
tubular neighborhood) with (an infinitesimal neighborhood of the zero section 
in) its normal bundle over RxS* 1 with fibre given by the contact distribution 
£ and twist around the puncture given by the linearized Reeb flow along 7. 
Then the (infinitesimal) neck-stretching is performed along the (infinitesimal) hy- 
persurface given by the restriction of the normal bundle to the small circle in R xS 1 . 



DESCENDANTS IN SFT 



31 



Before we make the proof rigorous by studying coherent collections of sections 
in the cokernel bundles and the tautological line bundles over the moduli space 
of branched covers for the circle, observe that theorem 2.5.5 in [EGH] concerning 
composition of cobordisms suggests that h •, viewed as a potential on is 
homotopic, and by h° = hence agrees with a potential, which can directly be 
computed from the potential for the complex plane counting rational curves with 
one additional marked point mapped to the special point and the potential for 
the pair-of-pants with its cylindrical ends over 7 and the circle counting rational 
curves with no additional marked points. Indeed it follows from the compactness 
statement in [BEHWZ] that under the neck-stretching procedure every branched 
cover of the orbit cylinder with one additional marked point mapped to the special 
point splits into a branched cover of the complex plane with one additional marked 
point mapped to the special point and a branched cover of the pair-of-pants with 
no additional marked points. 

While from /S^-symmetry reasons the potential for the complex plane with one 
special point can only count connected curves, note that under the splitting process 
the connected curve may split into branched covers of the pair-of-pants with more 
than one connected component. On the other hand, since the glued curve has 
genus zero, it follows that the branched cover of the complex plane and any 
connected component of the branched cover of the pair-of-pants cannot be glued 
at more than one cylindrical end, so that the number of connected components of 
the branched cover of the pair-of-pants agrees with the number of cylindrical ends 
of the branched cover of the complex plane. 

Note that a collection T of closed Reeb orbits in the contact manifold S 1 is 
naturally identified with a tuple /i = (/ii, of multiplicities and a branched 

cover is asymptotically cylindrical over the fa.ih iterate of the circle near the 
puncture Zi precisely if Zi is a branch point of order fa — 1. With this it follows 
that j can be computed as desired by summing over all branching conditions 
/1 = (/ii, /i£( /J )), where for each [i the summand is given by the product of 
obtained by integrating the j.th power of the first Chern class of the tautological 
line bundle over the moduli space of branched covers of CP 1 with one marked 
point mapped to the special point and t{\i) additional marked points Zi mapped 
to 00 which are branch points of order fa — 1, with the branching Hamiltonians 
h „ G counting branched covers of the orbit cylinder with connected 
components, where each component carries one additional marked point Zi, which 
is mapped to the special point on R x 7 and is again a branch point of order fa — I 
for i — 1, £(fi). 

In order to make the proof rigorous it remains to understand the above 
statement on the level of coherent collections of sections in the cokernel bundles 
and the tautological line bundles over the moduli spaces of branched covers for 
the circle. For this observe that for every chosen collections of Rceb orbits T+, T~ 
the neck-stretching procedure at a small circle around the special point on the 
standard cylinder leads to a compactified moduli space A4\ = Mi(T + 7 T~). 
It is shown in [BEHWZ] that this compactified moduli space has the desired 
codimension-one boundary components Aii = Ali(r + ,r~) counting branched 
covers of the original orbit cylinder with one special point and M.\.\ x M.2,0 
with Mi,i = Mi(T) and M.2,0 = -Mo(r + ,r,r~) counting branched covers of the 
complex plane with one additional marked point and of the pair-of-pants with 
possibly more than one connected component, respectively. On the other hand, 
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in contrast to the degeneration process from relative Gromov-Witten theory, it 
follows from [BEHWZ] that one also has to consider codimension-one boundary 
strata of the form M hl xM 2 ,o with Mi,i = Mi(Tf ,T^),M 2fi = M {T+ ,Y 2 )/ ' K 
and Mi, x M 2 .i with ~M lfi = ATo(r+,iY)/M, M 2 ,i = Mi{T^,T^), which 
correspond to a splitting of a curve into two levels during the stretching process 
and which are irrelevant for the case of the circle due to the S^-symmetry on Mi,o 
and M 2 ,o, respectively. 

First, since the coherent collections of sections in the cokernel bundles over the 
moduli spaces of branched covers by definition are not affected by the position 
of the additional marked point, it follows that one can use the same obstruc- 
tion bundle perturbations P — P(r+,r~) throughout the stretching process. 

In particular, it follows that the regular moduli space M 1 = P _1 (0) C A4\ 
has codimension-one boundary components M\ and Mi,i x M 20 as we ^ as 

M 1 1 x M 2 2 Q and M^q x M 2 ii where Pi, v 2 are sections in the cokernel bundles 

1 _ 2 _ 

Cokcr dj, Coker dj over Mifl = M (Tt,Ti), M 2fi = M (r^,r 2 ) and which 

are determined by P by the coherency condition. 

On the other hand, concerning the coherent collections of sections in the 
tautological line bundles, it can be shown as above that the tautological line 

bundle L — C over Ai 1 agrees with the tautological line bundle L over M", 
with the pullback -k\ L\ over M\ t \ x M 20 and with the pullbacks ir^Cx over 

.Mi^i x M 2 2 and 7rJ£ 2 over Mi] x M 2 lJ respectively. Assuming that we 
have chosen coherent collections of sections (s) in the tautological line bundles 
C over all moduli spaces Mi = M 1 (T+,T-) of branched covers of the orbit 
cylinder with one special point and (si) in the tautological line bundles L\ over 
all moduli spaces M.\,\ = A4i(r) of branched covers of the complex plane with 
one special point, we as above can choose coherent collection of sections (s) 

- — - V 

connecting (s) and (si) by requiring that over every moduli space M. x the section 
s agrees with the section s over JvC[ , with the pullback 7r^si over A^i.i x jvC 2 and 

with the pullbacks is\s\ over M x l x M 2 and tt^s-z over M 10 x M 21 , respectively. 

Proceeding by induction it then follows that the regular descendant moduli space 
M.^ 3 has codimension-one boundary components A4i' J and Ai\ 1 xM^ as well 
as x and M^q x M 2 i ', respectively. Since we have that J^M^q = 

#M 2 2 = by the result in [F] it hence follows that 

ifMi 3 = ¥M[,i ■ jfM 2 , 

which finally proves the decendants-branching correspondence on the level of 
coherent collections of sections in obstruction bundles and tautological line bundles. 

Note in particular that using this stretching process we were able to separate 
the transversality problem from the problem of defining gravitational descendants. 
Since the moduli space Mi y i = A4i(r) is independent of the chosen Reeb or- 
bit and agrees with the moduli space obtained from the degeneration process in 
relative Gromov-Witten theory, it follows precisely like in the circle bundle case 
described above that the count of elements in the descendant moduli space M\ x 
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is independent of the chosen coherent collection of sections and agrees with the 
integral of the j.th power of the first Chern class over Mi,i- □ 

2.3. Branched covers of trivial half-cylinders. In the case when the contact 
manifold V is the unit cotangent bundle S*Q of a Riemannian manifold Q, 
Cieliebak and Latschev have shown in [CL] that, when suitably interpreted, the 
symplectic field theory of V = S*Q without differential forms and gravitational 
descendants agrees with the string topology of Q. The required isomorphism is 
established by studying punctured holomorphic curves in T*Q with boundary 
on the Lagrangian Q C T*Q. For this they equip T*Q with an almost complex 
structure J such that {T*Q,J_) is an almost complex manifold with one positive 
cylindrical end (M+ xS*Q,J). 

After showing that the contact area of holomorphic curve is given as differences 
of the sums of the actions of the Reeb orbits in S*Q and the sum of the lenghts 
of the boundary components on Q, they use the natural filtration by action 
on symplectic field theory and by length on string topology to show that the 
morphism has the form of a unitriangular matrix. The entries on the diagonal 
count cylinders with zero contact area, which are precisely the trivial half-cylinders 
in T*Q connecting the geodesic 7 on Q with the corresponding Reeb orbit 7 in 
S*Q. On the other hand, since orbit curves are characterized by the fact that they 
have zero contact area, it hence directly follows from their proof that there exists 
a version of their isomorphism statement for the symplectic field theory of a closed 
Reeb orbit 7 by studying branched covers over the trivial half-cylinder connecting 
7 and 7. 

For this let us first recall some definitions from [CL]. Let 21° be the graded 
commutative subalgebra of 2B of polynomials in the variables g 7 , where, fol- 
lowing our notation from before, the subscript indicates that no i-variablcs 
are involved. The Hamiltonian H° G fr 1 2B° defines a differential operator 

Dg FT := I? : a°P] ^ 2l p] via the replacements 



The resulting pair (21 [[ft]],D SFT ) has then the structure of a BVoo-algebra, 
in particular, Dg FT oDg FT = 0. Reversely, given a BVoo-algebra (2t°[[ft]], D°) 
where 21° is a space of polynomials in variables q, it follows, see [CL], that 
D° : 21° [[h]} —> 21° [[ft]] is a true differential operator. In particular, we naturally get 
a Weyl algebra W° with distinguished element H° e fr 1 2U satisfying [H°, H°] = 
by introducing for each (/-variable a dualizing p-variable, considering the natural 
commutator relation and using the replacement for p-variables from above. 

As already mentioned above, in [CL] it is shown that the BVoo-algebra 
(2l°[[ft]], Dsft) representing the symplectic field theory of S*Q is isomorphic to 
a BVoo-algebra (£°[[ft]], D° tring ) constructed from the string topology of Q, where 

is a space of chains in the string space £ = SQ of Q. The differential is given by 
Bering = d + A + ftV : <£°[[ft]] — > €°[[h]], where d is the singular boundary operator 
and V, A are defined using the string bracket and cobracket operations of Chas 

and Sullivan. The BVoo-isomorphism £/* is defined using the potential of (T*Q, Q), 



1^ y ft 




L °= E ev s , s -(r)/>-i 
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using the evaluation cycles ev 9S -(T) = ev = (ev 1 ,...,ev s ) : M g _ s -(T) — > 
T.Q x ... x EQ (s~-times) starting from the moduli space of holomorphic curves in 
T*Q with positive asymptotics T, genus g and s~ boundary components on Q. 

Now for moving from the symplectic field theory of S*Q to the symplcctic 
field theory of a closed Reeb orbit 7 in S*Q 1 we obviously just have to replace 

(2l°P],D° FT = I?>) by the BVoo-algebra (a°[[ft]],D°£ T = H^) generated only 
by the q- variables representing the multiples of the fixed orbit 7. Furthermore the 
potential L° of (T*Q,Q) is now replaced by the potential L° ^ counting branched 
covers of the trivial half-cylinder connecting 7 in Q and 7 in S*Q, which defines a 
BVoo-isomorphism from (21° [[H]}, D^ T ) to a BVoo-algebra (£° [[h]], D s °'7 ing ). 

Assigning as for the Reeb orbits formal q- variables to multiples of the underlying 
closed geodesic 7, the potential L° ^ is defined by 

s,r,r 

summing over all moduli spaces M g (T,f) of branched covers of the trivial half- 
cylinder with Fredholm index zero. Note that it follows from the area estimate 
from above for curves in T*Q with boundary on Q in terms of action of the Reeb 
orbits and length of the boundary component that, assuming enough transversality, 
the moduli space M g (T, f) agrees with the preimage of the product stable manifold 

W+(T) = W+(j ni ) x ... x W+(7 n «-) C SQ x ... x SQ 

of the energy functional £ : EQ ->lon the string space under the evaluation 
<-v„, :M 9iS il * • \Q ... \ EQ 

M g (T, f ) = cv 9 , s - (ry'iw+it)) c M g , s - (T). 

Now the BVoo-algebra (£°[[fr]], D° tring ) is replaced by the BVoo-algebra 
(<£°[[ft]], D s tring) °^ polynomials in the q- variables assigned to multiples of 7. Since 
this algebra is now indeed an algebra of polynomials, we have seen above that we 
assign to (C° [[7i]], During) again a Weyl algebra 2H° with bracket [•, •] generated by 
p- and g-variables assigned to multiples of 7 together with a distinguished element 

G° G h- 1 ^ satisfying [G?,G?] = 0. Since BVoo-algebras (21° [[h]}, D°i? T = H*), 

(^[[ft]],D°J ing = g|) determine the Weyl algebras with Hamiltonians (2ff°,H°), 
(2n°,G°) and vice versa, it follows that the BVoo-isomorphism given by the 
potential L ^ indeed leads to an isomorphism of the structures defined by 
(2B°,H°) and (2U°,G°): 

Indeed, let 2) 7 ~ be the space of formal power series in the p- variables for multi- 
ples of 7 and h with coefficients which are polynomials in the q- variables assigned 
to multiples of 7. Then it follows that L° ^ is an element of ftr 1 2) 7i7 satisfying the 
master equation 

e^H^ - g| e^.-i = 0. 
In particular, it follows in the notation of section 1 that the map 

(L^); 1 o (I°;r), : H^h- 1 2U°, D ^) -> H^ 1 2U°, D^ T ) 
is an isomorphism of Weyl algebras. 
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In order to understand -D st '7i ng : recall that the differential in the string topology 
was given by D° tring = d + A + KV : €°[{h}} ->• €°[[h]], where V is defined using 
the string bracket and A using the string cobracket operations defined by Chas 
and Sullivan. While the singular boundary d does not appear as we restrict 
ourselves to zero-dimensional moduli spaces, we expect to get contributions of the 
string bracket and string cobracket to G~, where we claim that the string bracket 
restricts to the operation of concatenating two multiples 7™ 1 , 7™ 2 to the multiple 
7™ 1+ ™ 2 of 7, while the string cobracket corresponds to splitting up the multiple 
7™i+™2 a g a i n m t 7™!, 7™^ 

In order to see this note that the compactification of the moduli spaces of 
branched covers of the trivial half-cylinder counted in the potential L° = can be 
entirely understood in terms branch points of the branched covering map. While 
branch points moving the infinite end lead to appearance of H° in the master 
equation, the Hamiltonian G° describes what happens if branch points are moving 
through the boundary of the branched cover, which itself sits over the boundary of 
the half- cylinder. The important observation is now that for the codimension-one 
boundary of the moduli space we only have to consider the case where a single 
branch point is leaving the branched cover through the boundary. In order to 
see that this is described by the concatenation and splitting operations of the 
multiples of 7, observe that the case when a branch point sits in the boundary 
of the branched cover is equivalent to the fact that the boundary of M + xS 1 is 
a critical level set of the branching map followed by the projection to the first 
factor. Observe that the branch point may leave the branched cover through any 
point of its boundary, which itself is diffcomorphic to (a number of copies of) the 
circle. Note that this corresponds to the fact that the concatenation and splitting 
operation may take place anywhere over any point on 7- It follows that we always 
get an one-dimensional family of configurations. 

Before we continue, we want to restrict ourselves as before to the rational 
case. In particular, there exists a version of the above isomorphism, given 
by counting rational branched covers of the trivial half-cylinder, which relates 
the rational symplectic field theory ii*(Cp°,G?°) of 7 with H*(^,d°), where 
4 = {g?,-} : -»• and G° = Tr^g? +o(h)). Before we discuss the 
rational Hamiltonian g? G recall that it was shown in [F2] that h° = 0. 
Note that we have we indeed have not considered additional marked points so 
far. In particular, it follows from the above isomorphism that also g? has to vanish. 

Since we have seen above that for G° and hence for g? we always get one- 
dimensional sets of configurations, the vanishing of g? seems to follow from a 
stupid dimension argument. On the other hand, recall that we have shown in [F2] 
that the corresponding statement for h° does not simply follow from a symmetry 
argument but indeed requires a careful study of sections in obstruction bundles 
in order to find compact perturbations making the Cauchy-Riemann operator 
transversal to the zero section. With the work in [F2] it is clear that the same 
transversality problem should continue to hold for branched covers of trivial 
half-cylinders. In the next section it will turn out that, like on the symplectic field 
theory side, also on the string side we are working in a highly degenerate situation, 
so that the transversality requirement is usually not fulfilled. 
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2.4. Obstruction bundles and transversality. In order to solve the transver- 
sality problem we follow the author's paper [F2] in employing finite-dimensional 
obstruction bundles over the nonregular configuration spaces. Here is a sketch of 
the main points. 

For this let S denote a (possibly disconnected) punctured Riemann surface 
with boundary of genus zero with s + punctures z\, z s + and s~ boundary circles 
d,...,C s - and fix two ordered sets V = (j n t , 7™^+ ), f = (7^ , fV ) of 
iterates of 7, 7, respectively. Let (£ = TT*Q/T(M.£ xS* 1 ), J^) denote the complex 
normal bundle to the trivial half-cylinder (Rj xS 1 , {0} x S 1 ) ^ (T*Q,Q) as 
defined in [CL], which over the boundary {0} x S 1 = 7 C Q has the property that 
£ fl TQ agrees with the normal bundle N to the geodesic 7 in Q. Note that the 
tangent space TW + {^ n ) to the stable manifold of the energy functional in the 
critical point 7™ can identified with a subspace of the space of normal deformations 
C°((7 n )*JV). 

Given a branched covering h : (S,dS) -> (Rq xg^jO} x 5* 1 ) of the trivial 
half-cylinder, for p > 2 let if 1,p (/i*£) C C"°(fr*£) denote the space of £f ^-sections 
in which over every boundary component Ck C dS restrict to a section in 
C°((7"fe )*7V). Furthermore we will consider the subspace H^ p (h*£) C 
consisting of all sections in which over every boundary circle Cfc restrict to 
sections in the subspace TW+(7 n * ) c C"°((7™fc )*7V). While the latter Sobolev 
spaces describe the normal deformations of the branched covering, we introduce 
similar as in [F2] for sufficiently small d > a Sobolev space with asymptotic 
weights _ff^' s j(S',C) in order to keep track of tangential deformations, where, 
additionally to the definitions in [F2], we impose the natural constraint that 
the function is real-valued over the boundary. In the same way we define the 
Banach spaces ^(A^ ' 1 ^ h*£) and L p ' d (A (a ^S C). Further we denote 

by .Mo. s - !;s + the moduli space of Riemann surfaces with s~ boundary circles, s + 
punctures and genus zero. 

Following [F2], [BM] for the general case and [W] for the case with boundary, 
there exists a Banach space bundle £ over a Banach manifold of maps B in which 
the Cauchy-Riemann operator dj extends to a smooth section. In our special case 
it follows as in [F2] that the fibre is given by 

£ hlj - ^(A ' 1 ^ ®^ C) © LP(A°^S ® jijZt h*0, 

while the tangent space to the Banach manifold of maps B = B 0tS -(T) at (h,j) <E 
M = M 0lS - (r) is given by 

T hJ B = H^ t (S, C) © H^(h*0 © Tj M ,n ■ 

It follows that the linearization Dhj of the Cauchy-Riemann operator dj_ is a 
linear map from Thj B to Sh.j, which is surjective in the case when transversality 
for dj_ is satisfied. In this case it follows from the implicit function theorem that 
kerD/jj = Thj M. In order to prove that the dimension of the desired moduli 
space Mp = M(T,T) — ev~ 1 (W + (f )) C M(T) agrees with the virtual dimension 
expected by the Fredholm index, it remains to prove that the evaluation map 
cv : M — > T,Q S is transversal to the product stable manifold W + (T). 
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In order to deal with this additional transversality problem, we introduce the 
Banach submanifold of maps Bp = cv~ 1 (W + (f )) C B with tangent space 

T hJ Bf = H^{S,C)®H^(h*0®T j M 0>n 
= {v^T h ,B:v\ a ^TW + {t)} 

and view the Cauchy-Riemann operator as a smooth section in £ — > Bp ■ Then we 
have the following nice transversality lemma. 

Lemma 2.6: Assume that D^j : Thj Bp — > £h,j * s surjective. Then the lineariza- 
tion of the evaluation map d hJ ev : T hJ M -VrW-(f) = C°(f *N)/TW+(t) is 
surjective. 

Proof: Given v E TW~(T), choose is E Thj B such that dhjev-v = v a . 
On the other hand, since D^j : Thj Bp — > £h,j is onto, we can find v E Thj Bp 
with Dh.jV = Dhjv, that is, v — v E kcr Dhj — Thj A4. On the other 
hand, since dh.j ev -v E TW + (f) for all v E Th,j Bp by definition, we have 
dhj ev •(« — v) = dhj ev -v — v and the claim follows. □ 

We have seen that, instead of requiring transversality for the Cauchy-Riemann 
operator in the Banach space bundle over B and geometric transversality for the 
evaluation map, it suffices to require transversality for the Cauchy-Riemann op- 
erator in the Banach space bundle over the smaller Banach manifold Bp. Along 
the same lines as for proposition 2.1 in [F2] it can be shown that the linearized 
Cauchy-Riemann operator is of the form 

D htj : H^S, C) 8 H^(h*0 Tj M , n 

-> ^(A ' 1 ^ «8>j,< C) 8 ^(A ' 1 ^ h*£), 

D h ,j ■ {vi,v 2 ,y) = (Bv-i +Djy,Dlv 2 ), 

where 8 : H^ t (S,C) -> W^A^S C) is the standard Cauchy-Riemann 
operator, D{ : -)■ L P (A° A S ® jt j h*£) describes the linearization of Bj 

in the direction of £ C TT*Q and Dj : Tj M^ n -> LP- d (T*S C) describes the 
variation of dj with j E Mo, n - 

In [F2] we have shown that for branched covers of orbit cylinders the cokernels 
of the linearizations of the Cauchy-Riemann operator have the same dimension for 
every branched cover and hence fit together to give a smooth vector bundle over 
the nonregular moduli space of branched covers, so that we can prove transversality 
without waiting for the completion of the polyfold project of Hofcr, Wysocki and 
Zehnder. The following proposition, proved in complete analogy, outlines that this 
still holds true for branched covers of trivial half-cylinders. 

Proposition 2.7: The cokernels of the linearizations of the Cauchy-Riemann 
operator fit together to give a smooth finite- dimensional vector bundle over the 
moduli space of branched covers of the half- cylinder. 

Proof: As in [F2] this result relies on the transversality of the standard 
Cauchy-Riemann operator and the super-rigidity of the trivial half-cylinder 

coker<9 = {0} and ker = {0}, 

where the second statement is now just a linearized version of lemma 7.2 in [CL] 
which states that, as for orbit cylinders in the symplectizations, the branched 
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covers of the trivial half-cylinder are characterized by the fact that they carry no 
energy in the sense that the action of Reeb orbits above agrees with the lenghts of 
the closed geodesies below. □ 

It remains to study the extension Coker9j of the cokernel bundle Coker Bj_ to the 
compactificd moduli space. For this recall that the components of the codimension- 
one-boundary of the nonregular moduli space M = Mf of branched covers of 
the half-cylinder are either of the form M\ x M2, where Mi — Mi(Tf, TJ")/ R, 
M.2 = -M2(r2,r 2 ) are nonregular compactified moduli spaces of branched covers 
of the orbit cylinder or of the trivial half-cylinder, respectively, or of the form 
Mo x S 1 , where Ado = Mo(T, To) is again a nonregular compactified moduli space 
of branched covers of the trivial half-cylinder while S 1 refers to the concatenation or 
splitting locus, which agrees with the locus where the single branch point is leaving 
the branched covering through the boundary. Note that for f = (7™ 1 , 7™s- ) the 
ordered set f is either of the form 

f = (r\-,r k - i ,rKr l ,r k+ \-,r°-) or 

f = (7 ni ,..,7 n *- 1 ,7"* +n *+ 1 ,7 n *+ a ,..,7 n .-) ) 

corresponding to concatenating 7™* and 7™ fc to get 7™* {n\ + n\ = rik) or the 
splitting of 7 n *+ n *+i to get 7™ fc and 7™ fe + 1 . Restricting to the concatenation case, 
recall that the chosen special point on the simple closed Reeb orbit determines a 
special point on the underlying simple geodesic and that we may assume that every 
holomorphic curve comes equipped with asymptotic markers in the sense of [EGH] 
not only on the cylindrical ends but also on the boundary circles. In particular, for 
the concatenation and splitting processes we may assume that all multiply-covered 
geodesies come equipped with a parametrization by S . Denoting by ti,t% G S 
the points on 7™*=, 7"*, where we want to concatenate the two multiply-covered 

— 1 -1_ 2 

geodesies to get the multiply-covered geodesic 7™fc +n fc, we see that the coordinates 
must satisfy n\t\ = n\t 2 in order to represent the same point on the underlying 
simple geodesic, so that the configuration space agrees with S 1 by setting t\ = n\t, 
t 2 = nit for t e S 1 . 

While it directly follows from [F2] that over the boundary components Mi x 

M2 C M. the extended cokernel bundle Cokerdj is of the form 

1 _ 2 - 

Coker9j 1^ x ^ 2 = 7r* Coker dj©^ Coker <9j, 

1 _ 2 - 

where Coker <9j, Coker dj_ denote the (extended) cokernel bundles over Mi, 

M2, respectively, it remains to study the cokernel bundle over the boundary 
components Mo x S 1 . 

Proposition 2.8: Over the boundary components Mo x S 1 C M the ex- 
tended cokernel bundle Cokeri9j is also of product form, 

Coker<9jJ^ oxS1 = ^Coker dj_ 7r|A, 

where Coker°9j denotes the (extended) cokernel bundle over the moduli space 
Mo and A is a vector bundle over S 1 which is determined by the tangent spaces 
to the stable manifolds of the multiply- covered closed geodesies involved into the 
concatenation or splitting process. 

Proof: Still restricting to the concatenation case, let So = S01 U So 2 denote 
the disconnected Riemann surface of genus zero with s+ punctures and ,s~ + 1 
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boundary circles C\, C k , C k , C s - , where we assume that dSoi = C\ U ... U C\ 
and <95o2 = C k , ...,C S - . As before we know that the tangent spaces to the 
corresponding Banach manifolds of maps B°, £>p o at a branched covering 
{ho, j ) : {S ,dS a ) -> (R+ xS\{0} x S 1 ) are given by° 

T hoJo B° = H^So, C) © ff 1 *^) © T j0 M ,„, 
= H^(S , C) © HhP( h ^) © Tj0 A4 ,„ 
= {veT ho , jo B° :v\ d s o eTW+(To)} 
while the fibre of the corresponding Banach space bundle is given by 
£° hoJo = L p ' d (A.°' 1 So ® jo4 C) © LP(A°^S ® jo ,^ h*0- 

For {ho,jo,t) G A4o x 5* 1 we further introduce the Banach manifold of maps £>p C 
B* C B° which should consist of all branched covers of the trivial half-cylinder 
in B° for which the boundary circles C k ,C k = S 1 are concatenated at {ti,t 2 ) = 
(nit, nit) G C k x Cf , to give the singular Riemann surface S* with s~ boundary 
circles C\, C\ U t C 2 ,..., C s - and we have 

T ho , jo , t B* = {ve T ha . 3o B° : vl(n 2 k t) = v 2 {n\t) for v]j 2 := v\ c ^} 

T h0 ^ t B* T = {ve T w B* : v\ d ^ G TW+(f „)}. 

The proof of the general gluing theorem in [MDSa] suggests that over {ho, jo, t) G 
Aio x S 11 cM the extended cokernel bundle Coker9j has fibre 

(Cokeraj) ho ,j 0)t = cotex D hoijotU D ho . Ja . t : T hotjott Bp -)• £° hoJo . 



Before we describe the relation to the cokernel bundle Coker dj_ over the first factor 
Ado w hh fibre 



(Coker dj) hoJo = coker D hoJo , D hoJo : T hoJott B Fa -> £ hoJo . 
observe that we still have 

coker D hoJo = coker D^, < : T^ jo B% t 
coker ; , 0;t = coker D^ t , D^ t : T^ t B* T -> f ^ , 

and ker^ o = kcr^ ot = {0}, where 2* oJo C T hoJo B° fo , T^S* C 

Th a ,j a ,t Bf and £°' 0jJ - C £° J0 are the subspaces corresponding to normal deforma- 
tions. 

Now observing that 

TW+(r l ) © TW+(r l ) C {v G 7W+( 7 " fc ) : ^(n 2 fe t) = v 2 k {n\t)} 
we get from 

TU ®h = iv e Tt ijo £° : «| aSo G TW+(f )}, 
It Jb,* ^ = G I* ^ B* : v\ dSa G TW+(f )} 



that T| q jo S£ o c T,f o 3o t with quotient space 



r Lo,* B r ^ G TW+iT") ■ = vl{n\t)Y 
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On the other hand, since kerZ)^ o = ker t = {0} we also find for the quotient 
space that 

T5 . Bl imD{ coker . 

ftp, jo 1 o hp no,t 

T| , f B% ~ imDl t ~ coker Dl ' 
where the last equality follows from the fact that D^ g and D^ o t both map to the 
same Banach space 



Defining an obstruction bundle A over S 1 by setting 

TW+{T lk )®TW + {T l ) 



A t = 



{v£TW+(T*):vl(nlt)=vl(nlt)} 
and putting everything together we hence found that 



(Cdkerdj)h ,j ,t = (Coker dj) hoJo © A t , 

as desired. □ 

With this we can prove the desired statement about g°. 
Corollary 2.9: We have g? = 0. 

Proof: It follows that the obstruction bundle over the one-dimensional con- 
figuration space has rank 

rank A = Morse(7™ fe ) - Morse(7™* ) - Morse(7™*) + dimQ - 1 > 0, 

where the latter inequality can be verified as in [F2] using the multiple cover 
index formulas in [Lo] . When by index reasons the configuration is expected to be 
discrete we get a rank-one obstruction bundle over the boundary of the branched 
cover, which by orientability reasons must indeed be trivial. □ 

On the other hand, we want to emphasize that the proof of g" = is much 
simpler than the proof of h" = in [F2] , which has to involve obstruction bundles 
of arbitrary large rank and uses induction. Besides that our proof in [F2] also 
holds for Reeb orbits in general contact manifolds, this does not come as surprise. 
Going back to the symplectic field theory of unit cotangent bundles S*Q, it is 

already mentioned in [CL] that the SFT differential Dg FT = EP : 21° [[h]] ->• 21° [[H]} 
involving all moduli spaces of holomorphic curves in R xS*Q is much larger than 
the string differential Dg tring = d + A + hV : — > which just involves 

the singular boundary operator and the string bracket and cobracket operations. 



2.5. Additional marked points and gravitational descendants. We now 

want to understand the system of commuting operators defined for Reeb orbits 
by studying moduli spaces of branched covers over the cylinder over 7 in terms of 
operations defined for the underlying closed geodesic 7. To this end we have to 
extend the picture of [CL] used for computing the symplectic field theory of Reeb 
orbits to include additional marked points on the moduli spaces, integration of 
differential forms and gravitational descendants. 

Reintroducing the sequence of formal variables tj, j G N, we now consider the 
graded Weyl algebras 22J 7 , Wj of power series in h, the p- variables corresponding 
to multiples of 7, 7 and i-variables with coefficients which are polynomials in the 
g-variables corresponding to multiples of 7, 7. In the same way we can introduce 
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the graded commutative algebras 2l 7 , £ 7 of power series in H, the t- variables with 
coefficients which are polynomials in the g-variables corresponding to multiples of 
7, 7. For the expansion H 7 = H 7 + ^ . tj H 7 3 ; +o(i 2 ) of the Hamiltonian from 
before, we are hence looking for an extended potential L 7i7 as well as extended 
string Hamiltonian G 7 , 

L 7,7 = L ",7 + E^ L 7,7 J +°(* 2 )' 

3 

G 7 = G 7 + 5>G 7jJ .+o(* 2 ), 

i 

such that L 7:7 : (2l 7 [[fr]], H 7 ) — > (£ 7 [[fi,]], G 7 ) is an isomorphism of BVco-algebras. 
For this we have to prove the extended master equation 

e L ^ll^ - G^e L ™ = 0, 

while the isomorphism property again follows using the natural filtration given by 
the t- variables. 

Since we are only interested in the system of commuting operators ■, j G N, 
which is defined by counting branched covers of orbit cylinders with at most one 
additional marked point, we again will only discuss the required compactness 
statements in the case of one additional marked point. Furthermore we will still 
just restrict to the rational case. In other words we will prove the following 
proposition, which is just a reformulation of our theorem from above. 

Proposition 2.10: The system of Pois son- commuting functions h j G N on 
*P 7 is isomorphic to a system of Pois son- commuting functions g 7J , j G N on 
*$ 7 = *P 7 , where for every j G N the descendant Hamiltonian g 7J - given by 

1 _ V - ^ / ^\ 9«i • ••• • Qn j+ 2 



An)- 



*~U3 ^ V , (i + 2) , 

where the sum runs over all ordered monomials q ni ■ ...-q nj+2 with n\ + ... + nj + 2 = 
and which are of degree 2(m + j — 3). Further e(n) G { — 1, 0, +1} is fixed by a 
choice of coherent orientations in symplectic field theory and is zero if and only if 
one of the orbits 7™ 1 , ...,7™3+ 2 is bad. 

Proof: While the proof seems to require the definition of gravitational descen- 
dants for moduli spaces of holomorphic curves not only with punctures but also 
with boundary, instead of defining them recall that we have shown in the previ- 
ous subsection 2.2 that the gravitational descendants can be replaced by imposing 
branching conditions over the special marked point on the orbit cylinder. More 
precisely, recall the lemma in subsection 2.2 states that we can indeed write each 
of the Hamiltonians j as a weighted sum, 



K-J - ~T ' h 7.(j) + P°3,l* • h 7,M' 



J M<j 

where h 7 G *P 7 counts rational branched covers of the orbit cylinder with £(fj,) 
connected components carrying precisely one additional marked point z\, ...,zg(^, 
which are mapped to the special point on the orbit cylinder and is a branch 
point of order /i^ — 1 for all z = 1, i{n). 



While for the invariance statement for gravitational descendants we were 
studying the compactification of the moduli spaces of holomorphic curves with 
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one additional marked points, it follows from the definition of M that now it is 
natural to study the moduli spaces of branched covers of the trivial half-cylinder 
with £(n) connected components carrying precisely one additional marked point 
Zi, ZMp), which are mapped to the special point on the trivial half-cylinder and 
Zi is a branch point of order /Uj — 1 for all i = 1, ...,i{fi). While for the orbit 
cylinder the natural R-action is used to fix not only the S^-coordinate but also the 
M-coordinate of the special point, note that, in order to find the branched covers 
of the orbit cylinder counted in ^ in the boundary, for the trivial half-cylinder 
we still fix S^-coordinate but allow the R-coordmate to vary in M + = (0, oo). 

It follows that besides the boundary phenomena of the moduli spaces of branched 
covers of the trivial half-cylinder already described above, which can be described 
as seen above as the moving of branch points to infinity or leaving the branched 
cover through the boundary, the new boundary phenomena are the moving of the 
additional marked points to infinity or leaving the branched cover through the 
boundary, which are equivalent to the moving of the special point to infinity or 
leaving the half-cylinder through the boundary. In particular, it follows from the 
latter equivalence that the additional marked points Zi, zh^\ move to infinity or 
leave the branched cover all at once. While the moving of the additional marked 
points to infinity, possibly together with other branch points, is counted in h* , 
the corresponding string Hamiltonian g^ should describe what happens if the 
additional marked points leave the branched cover through the boundary. Provided 
that we have found g^ <G for all branching profiles fi, it then follows from 
linearity that we obtain the desired Poisson-commuting sequence gi ■ by setting 

^7iJ — T\ ' ^7,0) ^ Pj>n ' *=7,M ' 

On the other hand, recall that in the computation of g? we were faced with 
a transversality problem. While we have shown that the set of configurations 
counted for g? is always one-dimensional, one can compute using the Morse indices 
of the involved multiply-covered geodesies that it happens that the Fredholm 
index expects the same set to be discrete. In the case when the Fredholm index is 
right, we have shown that get a obstruction bundle of rank one to cut down the 
dimension of the configuration space, which is however trivial by orientability. For 

„ we now show that the situation is even nicer. 

Lemma 2.11: For every branching condition ji the set of configurations 
studied for gi „ is already discrete before we add abstract perturbations to the 
Cauchy-Riemann operator. It follows that, if the Fredholm index is right, there is 
no obstruction bundle. 

Before we show why this lemma leads to a proof of the above proposition and 
hence of the theorem, note that when 7 = Q = S 1 transversality is always satisfied 
and hence there are no obstruction bundles at all. On the other hand, note that 
the above proposition is formulated such that it holds in this case, where we use 
that ggi = h S i M , which follows from the fact that the (rational) potential Lgi^ 1 
(I51 s i) only counts orbit cylinders. 

In order to see that for an arbitrary closed geodesic 7 C Q the lemma proves 
the proposition and hence the theorem, observe that the Fredholm index is right 
precisely when it leads to the maximal degree 2 (to + j — 3) from the proposition. 
Since the configuration space is independent of 7 before perturbing, in this case the 
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lemma tells us that the corresponding configurations counted for gi indeed agree 
with the ones counted for g^ , up to sign determined by a choice of coherent 
orientations for the moduli spaces as described in [BM]. On the other hand, the 
results in [BM] show that the bad orbits indeed cancel out. For both statements we 
refer to the work of Cieliebak and Latschcv in order to show that the orientation 
choices for closed Reeb orbits have a natural translation into orientation choices 
for to the underlying closed geodesies, that is, their unstable manifolds for the 
energy functional. In particular, we have, see [CL], that the Reeb orbit 7 is bad if 
and only if the unstable manifold of 7 is not orientable. On the other hand, when 
the Fredholm is not right and hence maximal, we do not get a contribution to g*^ 
by definition. □ 

Hence it just remains to prove the lemma. 

Proof of the lemma: For simplicity we first prove the statement for fi = (2). 
Following the above description of g^- M it follows that gi ^ describes what 
happens if the additional marked point, which is a simple branch point, leaves 
the branched cover through the boundary. While at first this sounds that g^ , 2 -. 
agrees with g? note that now the branch point is required to sit over the special 
point on the boundary of the half-cylinder. Since the S' 1 -coordinatc of the special 
point is fixed, it follows that the branch point can no longer leave the branched 
cover through every point on the boundary. In particular, while for g? we 
obtained a one-dimensional configuration space due to the obvious S 1 -symmetry, it 
follows that for the configurations counted in , 2 -. the S^-symmetry is no longer 
present. Due to the important observation (which we already used to compute 
g?) that for the codimension-one boundary we can assume that there are no other 
branch points leaving the boundary at the same time, it follows that the set of 
configurations is indeed discrete. On the other hand, it is clear that this argument 
immediately generalizes to all branching profiles /1, since all the £([i) additional 
marked points are mapped to the same fixed special point. Together with the 
observation that the additional marked points z\, Zt(y\ leave the branched cover 
through the boundary all at once when the special point leaves the half-cylinder 
through the boundary, but again no other branch points by codimension reasons, 
the corresponding set of configurations stays discrete. □ 
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